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Abstract. Let G be a reductive group over a non-Archimedean local field. 
Then the canonical functor from the derived category of smooth tempered 
representations of G to the derived category of all smooth representations of G 
is fully faithful. Here we consider representations on bornological vector spaces. 
As a consequence, if G is semi-simple, V and W are tempered irreducible 
representations of G, and V or is square-integrable, then Extg,(V', W) = 
for all n > 1. We use this to prove in full generality a formula for the formal 
dimension of square-integrable representations due to Schneider and Stuhler. 



1. Introduction 

Let G be a linear algebraic group over a non- Archimedean local field whose 
connected component of the identity element is reductive; we briefiy call such groups 
reductive p-adic groups. For the purposes of exposition, we assume throughout the 
introduction that the connected centre of G is trivial, although we treat groups 
with arbitrary centre in the main body of this article. 

We are going to compare homological and cohomological computations for the 
Hecke algebra 7i(G) and the Harish-Chandra Schwartz algebra S{G). Our main 
result asserts that the derived category of S{G) is a full subcategory of the derived 
category of T-i{G). These derived categories incorporate a certain amount of func- 
tional analysis because S{G) is more than just an algebra. Before we discuss this, 
we sketch two purely algebraic applications of our main theorem. 

Let Modaig(G) be the category of smooth representations of G on complex vec- 
tor spaces. We compute some extension spaces in this Abelian category. If both 
V and W are irreducible tempered representations and one of them is square- 
integrable, then Exte(F, PF) = for n > 1. If the local field underlying G has 
characteristic 0, this is proven by very different means in We get a more 

transparent proof that also works in prime characteristic. 

The vanishing of ExtQ(V, W) is almost trivial if F or W is supercuspidal because 
then y or is both projective and injective in Modaig(G). This is related to 
the fact that supercuspidal representations are isolated points in the admissible 
dual. Square-integrable representations are isolated points in the tempered dual. 
Hence they are projective and injective in an appropriate category Mod(iS(G)) of 
tempered smooth representations of G. Both Mod(iS(G)) and Modaig(G) are full 
subcategories in a larger category Mod(G). That is, we have fully faithful functors 

Mod(<S(G)) Mod(G) ^ Modaig(G). 

We will show that the induced functors between the derived categories, 

Der(cS(G)) ^ Der(G) ^ Deraig(G), 

are still fully faithful. This contains the vanishing result for Ext as a special case. 
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Another application involves Euler characteristics for square-integrable repre- 
sentations. Let V be an irreducible square-integrable representation of G. By a 
theorem of Joseph Bernstein, any finitely generated smooth representation of G, 
such as V, has a finite type projective resolution P, — * V. Its Euler characteristic 
is defined as 

xiV) ■.= J2i-mPn]eKo{HiG)). 

Since V is square-integrable, it is a projective 5(G)-module and therefore defines 
a class [V] e Ko(5(G)). We show that the map Ko(W(G)) ^ Ko(5(G)) induced 
by the embedding 7i(G) — * 5(G) maps x(T^) to [V]. This is useful because in |2()j 
Peter Schneider and Ulrich Stuhler construct very explicit finite type projective 
resolutions, so that we get a nice formula for [V] G Ko(iS(G)). This implies an 
explicit formula for the formal dimension of V, which is proven in [20; if V is 
supercuspidal or if G has characteristic 0. One consequence of this formula is that 
the formal dimensions are quantised, that is, they are all multiples of some a > 0. 
This allows to estimate the number of irreducible square-integrable representations 
that contain a given representation of a compact open subgroup of G. 

Although these applications can be stated purely algebraically, their proofs re- 
quire functional analysis. We may view S{G) just as an algebra and consider the 
category Modaig(5(G)) of modules over S{G) in the algebraic sense as in j2l]. How- 
ever, the functor Deraig(5(G)) — > Deraig(G) fails to be fully faithful. This problem 
already occurs for G — Z. The issue is that the tensor product of <S(G) with itself 
plays a crucial role. If we work in Modaig(iS(G)) , we have to deal with S{G)^S{G), 
which appears quite intractable. In Mod(iS(G)) we meet instead the much simpler 
completion S{G x G) of this space. 

Now it is time to explain briefiy how we do analysis. I am an advocate of 
homologies as opposed to topologies. This means working with bounded subsets 
and bounded maps instead of open subsets and continuous maps. General bornolog- 
ical vector spaces behave better than general topological vector spaces for purposes 
of representation theory and homological algebra (see |15lll7j l. The spaces that we 
shall use here carry both a homology and a topology, and both structures deter- 
mine each other. Therefore, readers who are familiar with topological vector spaces 
may be able to follow this article without learning much about homologies. We 
explain some notions of bornological analysis along the way because they may be 
unfamiliar to many readers. 

We let Mod(G) be the category of smooth representations of G on bornological 
vector spaces as in The algebras H{G) and 5(G) are bornological algebras in 
a natural way. A smooth representation tt: G ^ Ant{V) on a bornological vector 
space V is called tempered if its integrated form extends to a bounded algebra 
homomorphism 5(G) End(F). We may identify Mod(G) with the category of 
essential (or non-degenerate) bornological left modules over H{G) (53)- As our 
notation suggests, this identifies the subcategory Mod (5(G)) with the category 
of essential bornological modules over 5(G). We turn Mod(G) and Mod(5(G)) 
into exact categories using the class of extensions with a bounded linear section. 
The exact category structure allows us to form the derived categories Der(G) and 
Der(5(G)) as in [2]. Actually, the passage to derived categories is rather easy in 
both cases because our categories have enough projective and injective objects. 

Equipping a vector space with the finest possible homology, we identify the 
category of vector spaces with a full subcategory of the category of bornological 
vector spaces. Thus Modaig(G) becomes a full subcategory of Mod(G). Moreover, 
this embedding maps projective objects again to projective objects. Therefore, the 
induced functor Deraig(G) Der(G) is still fully faithful. Our main theorem asserts 
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that the canonical functor Der(5(G)) — > Der(G) is fully faithful as well. The basic 
technology for its proof is already contained in ,16..l7] . 

In 1 define the category Mod (A) of essential modules and its derived category 
Der{A) for a "quasi-unital" bornological algebra A and extend some homological 
machinery to this setting. A morphism A — > i? is called isocohomological if the 
induced functor Der{B) Der{A) is fully faithful. ^21 gives several equivalent 
characterisations of isocohomological morphisms. The criterion that is most easy 
to verify is the following: let P, — > A be a projective A-bimodule resolution of A; 
then A ^ B is isocohomological if and only if B P» ®a B is a resolution of B 
(in both cases, resolution means that there is a bounded contracting homotopy). 

The article QHI deals with the special case of the embedding C[G'] Si{G) 
for a finitely generated discrete group G and a certain Schwartz algebra 5i(G), 
which is defined by £i-estimates. The chain complex whose contractibility decides 
whether this embedding is isocohomological turns out to be a coarse geometric 
invariant of G. That is, it depends only on the quasi-isometry class of a word-length 
function on G. If the group G admits a sufficiently nice combing, then I construct 
an explicit contracting homotopy of this chain complex. Thus C[G] Si{G) is 
isocohomological for such groups. 

The argument for Schwartz algebras of reductive p-adic groups follows the same 
pattern. Let 77 C G be some compact open subgroup and let X := G/H. This 
is a discrete space which inherits a canonical coarse geometric structure from G. 
Since G is reductive, it acts properly and cocompactly on a Euclidean building, 
namely, its affine Bruhat-Tits building. Such buildings are CAT(O) spaces and 
hence combable. Since X is coarsely equivalent to the building, it is combable as 
well. Thus the geometric condition of is easily fulfilled for all reductive p-adic 
groups. However, we also have to check that the constructions in are compatible 
with uniform smoothness of functions because G is no longer discrete. This forces 
us to look more carefully at the geometry of the building. 



2. Bornological analysis 

Algebras Hke the Schwartz algebra S{G) of a reductive p-adic group carry an 
additional structure that allows to do analysis in them. The homological algebra 
for modules over such algebras simplifies if we take this additional structure into 
account. One reason is that the complete tensor product S(G) ® S{G) can be 
identified with 5(G^) (LemmajSJ. 

It is customary to describe this additional structure using a locally convex topol- 
ogy. We prefer to use homologies instead. This means that we work with bounded 
subsets and bounded operators instead of open subsets and continuous operators. A 
basic reference on homologies is P] . We use homologies because of their advantages 
in connection with homological algebra (see |17jV 

We mainly need bornological vector spaces that are complete and convex. There- 
fore, we drop these adjectives and tacitly require all homologies to be complete and 
convex. When we use incomplete homologies, we explicitly say so. 

We need two classes of examples: fine homologies and von Neumann homologies. 
Let be a vector space over C. The fine homology Fine(V^) is the finest possible 
homology on V . A subset T C y is bounded in Fine(F) if and only if there is a 
finite-dimensional subspace Vt QV such that T is a bounded subset of Vr = 
in the usual sense. We also write F\ne{V) for V equipped with the fine homology. 

Any linear map Fine(F) ^ is bounded. This means that Fine is a fully faithful 
functor from the category of vector spaces to the category of bornological vector 
spaces that is left-adjoint to the forgetful functor in the opposite direction. 
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Let y be a (quasi) complete locally convex topological vector space. A subset 
T C y is called von Neumann bounded if it is absorbed by all neighbourhoods 
of zero. These subsets form a bornology on V called the von Neumann homology 
(following We write vN(y) for V equipped with this bornology. 

This defines a functor vN from topological to bornological vector spaces. Its re- 
striction to the full subcategory of Frechet spaces or, more generally, of LF-spaces, 
is fully faithful. That is, a linear map between such spaces is bounded if and only 
if it is continuous. A crucial advantage of homologies is that joint boundedness 
is much weaker than joint continuity for multilinear maps: if Vi, . . . ,Vn,W are 
(quasi) complete locally convex topological vector spaces, then any separately con- 
tinuous n-linear map Vi x ■ ■ ■ x Vn ^ W is (jointly) bounded. The converse also 
holds under mild hypotheses. 

Let G be a reductive p-adic group. We carefully explain how the Schwartz algebra 
S{G) looks Hke as a bornological algebra. The most convenient definition for our 
purposes is due to Marie- France Vigneras f j25]). Let a: G ^ N be the usual scale 
on G. It can be defined using a representation of G. Let L2(G) be the Hilbert 
space of square-integrable functions with respect to some Haar measure on G. Let 

L2{G) {/: G ^ C I / • 0-'= e L2(G) for all k e N}. 

A subset T C LliG) is bounded if for all fc G N there exists a constant Cu S IR+ 
such that \\f -cr^WL^iG) ^ C'fe for all f T. This is the von Neumann bornology with 
respect to the Frechet topology on ^2 defined by the sequence of semi-norms 

II/II2:- II/-'^'IIl.(g). 

Let CO(G) be the set of compact open subgroups of G, ordered by inclusion. For 
U e CO(G), let S{G//U) = L^{G//U) be the subspace of JJ-bi-invariant functions 
in L2{G). We give S{G//U) the subspace bornology, that is, a subset is bounded if 
and only if it is bounded in (G). Finally, we let 

S{G) := \miS{G//U), 

where U runs through CO(G). We equip S{G) with the direct-limit bornology. That 
is, a subset of 5(G) is bounded if and only if it is a bounded subset of S{G//U) for 
some U G CO(G). We may also characterise this bornology as the von Neumann 
bornology with respect to the direct-limit topology on S{G), using the well-known 
description of bounded subsets in LF-spaces (see |24l Proposition 14.6]). 

Lemma 1 (|,25 ). The definition of the Schwartz algebra above agrees with the one 
of Harish- Chandra in ^EMMj- 

Proof. The first crucial point is that the space of double cosets G/jU — as opposed to 
the group G itself — has polynomial growth with respect to the scale a. It suffices to 
check this for a good maximal compact subgroup K because the map G//U G//K 
is finite-to-one. By the Iwasawa decomposition, the double cosets in G//K can be 
parametrised by points in a maximal split torus. The scale on G restricts to a 
standard word- length function on this torus, so that we get the desired polynomial 
growth. As a result, there exists d > such that ^^i^Gf/u ^~'^^^) bounded. 

Moreover, we need the following relationship between the growth of the double 
cosets UxU and the Harish-Chandra spherical function S: there are constants 
G, r > such that 

vol([/xC/) < Ga{xY ■ S(x)-2, S(a;)-2 < C(j{xY ■ yo\{UxU). 
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This follows from Equation 1.1.(5) and Lemma II. 1.1 in [2^. Hence 

f \fiUxU)\^aixyvo\iUxU) 

< \f{UxU)mx)-'Ca{xr+^ 
xeG//u 

<ma^\f{x)\'E{xr'a{xr+^+' J2 Ca-'^iv)- 

xGG ' 

yeG//u 

A similar computation shows 

/ \f{x)\^a{xy dx > max \f{x)\^E{x)-^C-^a{xY-'^. 
Jg 

Therefore, the sequences of semi-norms ||/ct'*||2 and H/S^^cr" ||oo for s g N are 
equivalent and define the same function space S{G/lU). □ 

Convolution defines a continuous bilinear map S{G//U) x S{G//U) S{G//U) 
for any U G CO(G) by [2^ Lemme III. 6.1]. Since S{G//U) is a Frechet space, 
boundedness and continuity of the convolution are equivalent. Since any bounded 
subset of S{G) is already contained in S(G//U) for some U , the convolution is a 
bounded bilinear map on S{G), so that S{G) is a bornological algebra. In contrast, 
the convolution on S{G) is only separately continuous. 

Now we return to the general theory and define the Hom functor and the tensor 
product. Let Hom(y, W) be the vector space of bounded linear maps V W. 
A subset T of Hom(y, W) is bounded if and only if it is equibounded, that is, 
{/(■y) \ f & V & S} is bounded for any bounded subset S V. This bornology 
is automatically complete if W is. 

The complete projective bornological tensor product ® is defined in [H] by the 
expected universal property: it is a bornological vector space F (g) together with 
a bounded bilinear map b:VxW^V(E)W such that I i-^ lob is a bijection between 
bounded linear maps V (kW ^ X and bounded bilinear maps V x W ^ X . This 
tensor product enjoys many useful properties. It is commutative, associative, and 
commutes with direct limits. It satisfies the adjoint associativity relation 

(1) Hom(y (g)W,X)^ Hom(l^, Hom(W, X)) . 

Therefore, a bornological module over a bornological algebra A can be defined in 
three equivalent ways, using a bounded linear map A End(y), a bounded bilinear 
map A X V ^ V, or a bounded linear map A(^V ^ V. 

Let (g) be the usual tensor product of vector spaces. The fine bornology functor 
is compatible with tensor products; that is, the obvious map V ®W ^ V is 
a bornological isomorphism 

(2) FmeiV(g,W) = F\ne{V)^F\ne{W) 

for any two vector spaces V and W. More generally, if W is any bornological 
vector space, then the underlying vector space of Fine(y) ^ W is equal to the 
purely algebraic tensor product V i^W. A subset T C V (E)W is bounded if and 
only if there is a finite-dimensional subspace Vr '!= V such that T is contained 
in and bounded in Vr W = ® W = W"-. Here W" carries the direct-sum 
bornology. The reason for this is that (g) commutes with direct limits. 

If Vi and V2 are Frechet-Montel spaces, then we have a natural isomorphism 

(3) vN(t/i®^T/2) = vN(Vi)®vN(F2), 

where 0^ denotes the complete projective topological tensor product (see [7ll24j'l. 
This isomorphism is proven in |13[ Appendix A. 1.4], based on results of Alexander 
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Grothendieck. The Montel condition means that all von Neumann bounded subsets 
are precompact (equivalently, relatively compact). 

Lemma 2. Let G be a reductive p-adic group. Then S{G) S{G) = S{G x G). 

Proof. It is shown in that S{G//U) is a nuclear Frechet space for all U e CO(G); 
in fact, this follows easily from the proof of Lemma Q Equip G^ with the scale 
a{a,b) := a{a)a{b) for all a, 6 G G. By definition, S{G^) ^ l\iaS{G^ //U"^). Since (g) 
commutes with direct limits. 



as well. It remains to prove S{G //U)®'^ = S{G'^ //U'^). Since these Frechet spaces 
are nuclear, they are Montel spaces. Hence ^ allows us to replace (g) by Now 
we merely have to recall the definition of nuclearity (see [7l[2i|V 

Let V and W be Frechet spaces. The natural map V W ^ }iom{V' ,W) 
defines another topology on V Ci) W, which may be weaker than the projective 
tensor product topology. A Frechet space is nuclear if and only if this topology 
coincides with the projective tensor product topology. Equivalently, there is only 
one topology on V W for which the canonical maps V x W — > V (E> W and 
V ^ Hom(V^', W) are continuous. It is clear that the subspace topology from 
S{G'^//U'^) on S{G//U)®S{G//U) has these two properties. Hence it agrees with the 
projective tensor product topology. Now the assertion follows because S{G//U)®'^ 



3. Basic homological algebra over the Hecke algebra 

Throughout this section, G denotes a totally disconnected, locally compact 
group, H denotes a fixed compact open subgroup of G, and X := G/H. 

Let y be a bornological vector space and let tt: G ^ Aut(V^) be a representation 
of G by bounded linear operators. The representation tt is called smooth if for any 
bounded subset T CV there exists an open subgroup U CG such that i:{g,v) = v 
for all g e J7, w e T (see [l^). For example, the left and right regular representa- 
tions of G on S{G) are smooth. If V carries the fine homology, the definition above 
is equivalent to the usual notion of a smooth representation on a vector space. 

Let Mod(G) be the category of smooth representations of G on bornological 
vector spaces; its morphisms are the G-equivariant bounded linear maps. Let 
Modaig(G) be the category of smooth representations of G on C- vector spaces. 
The fine homology functor identifies Modaig(G) with a full subcategory of Mod(G). 

Let H(G) be the Hecke algebra of G; its elements are the locally constant, 
compactly supported functions on G. The convolution is defined by 



for some left-invariant Haar measure dx; we normalise it so that vol(iJ) = 1. We 
equip H{G) with the fine homology, so that H(G) G Modaig(G) C Mod(G). More 
generally, given any bornological vector space V , we let H(G, V) := TL{G) ® V . 
The underlying vector space of H(G, V) is just 7i(G) ® V because H(G) carries 
the fine homology. Hence 'H{G, V) is the space of locally constant, compactly 
supported functions G — > y. The left regular representation A and the right regular 
representation p of G on 7i(G, V) are defined by 



5(G) ® S{G) ^ lini5(G//C/) ® S{G//U) 



is dense in S{G^//U^). 



□ 




Ag/(a:) := f{g ^x), Pgf{x) := f{xg) 



as usual. They are both smooth. 
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Any continuous representation n: G Aut(V^) on a bornological vector space V 
can be integrated to a bounded algebra homomorphism Ti.{G) — > End(F), which 
we again denote by tt. By adjoint associativity, this corresponds to a map 

TT, : n{G, V) = n{G) ^V^V, f 7r{g, f{g)) dg. 

Jg 

The map tt* is G-equivariant if G acts on HiG^V) by A. By [Jj, Proposition 4.7], 
the representation tt is smooth if and only if tt* is a bornological quotient map, 
that is, any bounded subset of V is of the form 7r*(r) for some bounded subset 
T C H{G,V). Even more, if tt is smooth, then tt* has a bounded linear section. 
Namely, we can use 

(4) an-.V ^niG,V), aHv{g) = 7r{g-\v)lH{g), 

where 1h denotes the characteristic function of H. Thus the category Mod(G') 
becomes isomorphic to the category Mod(H{G)) of essential modules over 7i(G) 
(see Theorem 4.8]). The term "essential" is a synonym for "non-degenerate" 
that is not as widely used for other purposes. 

Let Ext be the class of all extensions in Mod(G) that have a bounded linear 
section. This turns Mod(G) into an exact category in the sense of Daniel Quillen. 
Hence the usual machinery of homological algebra applies to Mod(G): we can form 
a derived category Der(G) and derived functors (see |lllll7j l. The exact category 
Mod(G) has enough projective and injective objects, so that the usual recipes for 
computing derived functors apply. We shall use the following standard projective 
resolution in Mod(G), which already occurs in |16j . 

The homogeneous space X := G/H is discrete because H is open in G. Let 

(5) Xn := {(xo, . . . ,a;„) e | xq ^ xi, . . . ,a;„_i ^ Xn}- 

We equip C[X„] with the fine homology. We let G act diagonally on Xn and equip 
C[X„] with the induced representation 

g ■ f{xo, ...,Xn) := fig'^xo, g'^Xn)- 
The stabilisers of points 

n 

Stab(a;o, . . . , a;„) = Q xjHxJ^ 
j=o 

are compact open subgroups of G for each (xq, . . . , a;„) G X„. Let X^ C Xn be a 
subset that contains exactly one representative from each orbit. We get 

(6) X„= ]J G/Stab(0, C[X„] = C[G/Stab(a]. 

If J7 e CO(G), then we have a natural isomorphism 

HomG(C[G/[/], ^ Fix([/, V), f ^ f{lu). 

Since U is compact, this is an exact functor of V, so that C[G/U] is a projective 
object of Mod(G). Therefore, C[X„] is projective by ijSJ. 

In the following, we view Xn as a subset of C[X„] in the usual way. We let 
(xo, . . . , x„) = if Xj = Xj+i for some j € {0, . . . , 7i — 1}. Thus (xq, . . . , x„) G C[Ar„] 
is defined for all (xo, . . . , x„) S 

We define the boundary map 5 = (5„ : C[X„+i] C[X„] for n e N by 

n+l 

S{{xo, . . . ,x„+i)) := ^(-1)-' • {xa, ...,Xj,.. . ,x„+i), 

3=0 
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where xj means that Xj is omitted. In terms of functions, we can write 

n+l 

(7) ^^!>(a;o,...,a;„) = '^{-ly (l){xo, ■ ■ ■ ,Xj-i,y,Xj, . . . ,Xn). 

j=0 yex 

The operators (5„ are G-equivariant for all n G N. We define the augmentation map 
a: C[Xo] ^ C by a{x) = 1 for all x G Xq = X . It is G-equivariant with respect to 
the trivial representation of G on C. It is easy to see that 5'^ = and ao 6o = 0. 
Hence we get a chain complex 

C,{X) {C[Xn],S„)neN 

over C. We also form the reduced complex C,{X), which has C[X„] in degree n > 1 
and ker(a: C[X] C) in degree 0. The complex C,{X) is exact. Thus C,{X) C 
is a projective resolution of C in Modaig(G). 

Next we define bivariant co-invariant spaces. For V,W G Mod(G), let V W 
be the quotient oiV ®W hy the closed Hnear span oiv®w — gv® gw for v & V, 
w G W, g G G. Thus V ®g W is again a complete bornological vector space. By 
definition, we have 

where we equip V (S> W with the diagonal representation and C with the trivial 
representation of G. If X is another bornological vector space, then we may identify 
Hom(l/ (8>G W,X) with the space of bounded bilinear maps f:VxW—*X that 
satisfy f{gv,gw) = f{v,iv) for a\\gGG,vGV,iu€ W. This universal property 
characterises V ®g W uniquely. It follows from the defining property of ®. 

There is an alternative description of V W in terms of W(G)-modules. Turn 
V into a right and W into a left bornological W(G)-module by 

v*f:= I fig)g~^vdg, f * w := / f{g)gwdg 
Jo JG 

for all / G W(G), V gV, w eW. Let V (8)h(G) W be the quotient oiV^W hy the 
closed Hnear span of v*f^'W — v^f*w for veV,fG H(G), w G W. 

Lemma 3. V %ig W = V <E>-h(G) W, that is, the elements gv i8) gw — t; w and 
v*fiSi'W — v^f^w generate the same closed linear subspace. 

Proof. We have to show Hom(y ^g W, X) = Hom(V ^niG) W,X) for all borno- 
logical vector spaces X. By definition, Hom(F ^g W,X) is the space of bounded 
bihnear maps I: V x W X that satisfy l{g~^v,w) = l{v,gw) for all v & V, 
w G W, g e G. This implies l{v * f,w) = l{v,.f * «') for all v G V, w & W, 
f G 7i{G). Conversely, suppose l{v * /, w) = l{v, f * w). Then 

1{9V, g-{f*w)) = l{gv, {Sg * f )*w) 

= Kgv * {5g * .f),w) = l{{g^^ ■ gv) * f,w) = l{v,f * w) 

for all V € V, w £ W, g £ G, f & HiG). This implies l{gv,gw) = l{v,w) for 
all V & V, w G W, g £ G because any w G W is fixed by some U G CO(G) and 
therefore of the form * w, where fxu is the normalised Haar measure of U. □ 

Since ^g is functorial in both variables, we can apply it to chain complexes. 
Especially, we get a chain complex of bornological vector spaces V ^gG,{X). Since 
G»{X) is a projective resolution of the trivial representation, we denote the chain 
homotopy type of V ^g G,{X) by V C. The homology vector spaces of V ^g 
may be denoted Tor^(y,C) or Tor^'-'~'''(y, C). However, this passage to homology 
forgets an important part of the structure, namely, the homology. Therefore, it is 
better to work with V (8)gr C instead. 



HOMOLOGICAL ALGEBRA FOR SCHWARTZ ALGEBRAS 



g 



If V and W are just vector spaces, we can identify V <S>g W with a purely 
algebraic construction. Let V ®g W be the quotient oiV ®W hy the linear span 
oi V ® w — gv ® gw iov V £V , w € W, g & G. Then 

Fine(V^ ®G W) = Fine(P") ®g Fine(W^). 

This follows from ^ and the fact that any linear subspace of a fine bornological 
vector space is closed. Therefore, Fine(F) ^g C,{X) = Fine(F (X>g ^.(X)), and 
Torf (y, C) is the homology of the chain complex V '^gC,{X). In this case, passage 
to homology is harmless because V (E)% C carries the fine homology; this implies 
that it is quasi-isomorphic to its homology viewed as a complex with vanishing 
boundary map. 

Our next goal is to describe V (E>g G,{X) (Proposition . This requires some 
geometric preparations. 

Definition 4. Given a finite subset C X, we define the relation ~f on X by 

(8) x^py ^ ix,y) e \J g- {{H} x F) ^ x-'y e HFH. 

geG 

Here we view x'^y e G//H and HFH C G//H. 

A subset S C X„ is controlled hy F \{ Xi ~f Xj for all (xq, . . . ,Xn) G S and all 
hj £ {0, . . . ,n}. We call S C X„ controlled if it is controlled by some finite F. 
Roughly speaking, this means that all entries of S are uniformly close. 

A subset S C X„ is controlled if and only if S is G-finite, that is, there is a finite 
subset F C X„ such that S C G ■ F. This alternative characterisation will be used 
frequently. Definition emphasises a crucial link between the controlled support 
condition and geometric group theory. 

A coarse ( geometric ) structure on a locally compact space such as X is a family 
of relations on X satisfying some natural axioms due to John Roe (see also [^). 
The subrelations of the relations ^ p above define a coarse geometric structure on X 
in this sense. Since it is generated by G-invariant relations, it renders the action 
of G on X isometric. This property already characterises the coarse structure 
uniquely: whenever a locally compact group acts properly and cocompactly on a 
locally compact space, there is a unique coarse structure for which this action is 
isometric (see J^, Example 6]). Moreover, with this coarse structure, the space X 
is coarsely equivalent to G. 

By definition, the notion of a controlled subset of X„ depends only on the coarse 
geometric structure of X. Thus the space of functions on X„ of controlled support 
only depends on the large scale geometry of X. 

Although our main examples, reductive groups, are unimodular, we want to treat 
groups with non-trivial modular function as well. Therefore, we have to decorate 
several formulas with modular functions. We define the modular homomorphism 
Ag : G ^ R>o by /\G{9)d{g-^) = dg and d{gh) = Ag(/i) dg for all hc^G. 

Definition 5. Let C(X„,y)^ be the space of all maps 0: X„ — > V that have 
controlled support and satisfy the covariance condition 

(9) cj^igO^^Gigr'^g.m) 

for all C e X„, 5 e G. A subset T C C{Xn,V)^ is bounded if {0(0 | </> G T} is 
bounded in V for all ^ G X„ and the supports of all (/) G T are controlled by the 
same finite subset F C X. 

Proposition 6. For any V G Mod(G), there is a natural bornological isomorphism 

y0GC[x„] = c(x„,y)^. 
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The induced boundary map on V ®g C[X„] corresponds to the boundary map 

5^5^: C(X„+i, V)^ ^ C(X„, V)^ 

defined by 10. 

We denote the resulting chain complex (C(X„, V)'^, 5n)nen by C(X,, V)'-^ . 

Proof. The bifunctor ®g commutes with direct limits and in particular with direct 
sums. Hence ij^J yields 

(10) V ®G <C[Xn] = F C[Ge] - F ®G C[G/ Stab(0]. 

Fix ^ G and let Map(G • ^, F)^ be the space of all maps from G • ^ to \^ that 
satisfy the covariance condition (jsj. We equip Map(G • £,,V)^ with the product 
homology as in Definitional We claim that the map 



/: C[GC] Map(GC,T/), v (j) ^ [r^ ^ / Tr{h-\v) ■ (l){hri) dh] 
yields a bornological isomorphism 



G 



We check that / descends to V C[G^] and maps into Map(G^, V)^: 
I{gv® g(t>){ri) = I Tr{h-'^ , gv) ■ g(l){hf]) dh ^ / TT{h-'^g,v) ■ (j){g~'^hT]) dh 

JG JG 

= I ■n[h^^,v)-(j){h-q)dh^ I{v®4i), 

JG 



I{v ® (j)){gri) ^ I n{h ^ , v) ■ 4>{hgri) dh 
G 

= f 7righ-\v)^ihr^)dihg-') = AGig-')7r{g,I{vr^(t>){7^)). 



G 

Thus we get a well-defined map V ®G C[G^] -> Map{G^,V)'^. Evaluation at ^ 
defines a bornological isomorphism Map(G^, F)^ = Fix(Stab(^), F). We claim 
that the latter is isomorphic to V ®g C[G/ Stab(^)]. Since Stab(^) is compact and 
open, the Haar measure ^stab(4) of Stab(^) is an element of H{G). Convolution on 
the right with ^stab(4) is an idempotent left module homomorphism on H{G), whose 
range is C[G/ Stab(^)]. Since V ®g "^(G) = V for all V, additivity implies that 
V^G^[G/ Stab(^)] is equal to the range of /istab(5) on V, that is, to Fix(Stab(^), y). 
Thus we obtain an isomorphism V (X)g C[G^] = MapQ{G^,V)^ , which can easily 
be identified with the map /. 

Recall that a subset of X„ is controlled if and only if it meets only finitely many 
G-orbits. Therefore, we get the counterpart C{Xn,V)^ = ©^g^, Map(GC,T^)'^ 
to IjlOII . We can piece our isomorphisms on orbits together to an isomorphism 

I:V^GC[X„]^C{Xr,,V)^, v(g,^^[^^ f 7rig-\v)(f>{g0dg]. 

JG 

A straightforward computation yields S o I[v ® (p) = I{v ® Scfi) for all v £ V, 
4> e C[X„] with (5 as in Q. Therefore, / intertwines id ®g 5 and 5. □ 

Now let C,(X, V) := Ct{X)'§)V , equipped with the diagonal representation of G. 
Since G,{X) carries the fine homology, the underlying vector space of C[X„] (g) V 
may be identified with the space of functions X„ V with finite support. 

Lemma 7. The chain complex C,{X, V) is a projective resolution ofV in Mod(G). 
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Proof. The complex C, {X, V) is exact because ® is exact on extensions with a 
bounded Hnear section. We have HomG(C[G/f7] ® V,W) = Homt/(V", VF) for any 
U G CO(G) and any smooth representation W . Since this is an exact functor of W , 
<C[G/U] ®V is projective. Equation Jsj shows that C[X„] ®V \s a direct sum of 
such representations and therefore projective as well. □ 

We view ?i(G) as a bimodule over itself in the usual way, by convolution on 
the left and right. Since right convolution commutes with the left regular repre- 
sentation, the complex C, (X, H(G)) is a complex of H(G)-bimodules. The same 
reasoning as in the proof of LemmaHshows that it is a projective 'W(G)-bimodule 
resolution of 7i(G). 

For V,W G Mod(G), we let RouiGiV, W) be the space of bounded G-equivariant 
linear maps V ^ W, equipped with the equibounded bornology. It agrees with the 
space Hom>^((3) (y, W^) of bounded linear H(G)-module homomorphisms. We also 
apply the bifunctor Home to chain complexes. In particular, we can plug in the 
projective resolution C,{X,V) of Lemma [3 The homotopy type of the resulting 
cochain complex of bornological vector spaces HomG(G, (X, V"), W) is denoted by 
MHomG(V", W). Its nth cohomology vector space is ExtQ(F, W). As with V (g)^ C, 
it is preferable to retain the cochain complex itself. 

If V and W carry the fine bornology, then C,{X,V) = C,{X) (g) V with the 
fine bornology. Therefore, RHomG(y, W) is equal to the space of all G-equivariant 
linear maps G,(X) ®V ^ W. Hence the Ext spaces above agree with the purely 
algebraic Ext spaces. In more fancy language, the embedding Modaig(G) Mod(G) 
induces a fully faithful functor between the derived categories Deraig(G) — > Der(G). 
This allows us to apply results proven using analysis in a purely algebraic context. 

4. ISOCOHOMOLOGICAL SMOOTH CONVOLUTION ALGEBRAS 

We introduce a class of convolution algebras on totally disconnected, locally 
compact groups G. These have the technical properties that allow us to formulate 
the problem. Then we examine the notion of an isocohomological embedding and 
formulate a necessary and sufficient condition for 7i(G) — > T(G) to be isocohomo- 
logical. This criterion involves the contractibility of a certain bornological chain 
complex, which is quite close to the one that arises in |16j . 

4.1. Unconditional smooth convolution algebras with rapid decay. Let G 

be a totally disconnected, locally compact group. Let a: G ^ E>i be a scale with 
the following properties: a{ab) < a{a)a(h) and (T{a) = (T(a~^); a is C/-bi-invariant 
for some U G CO(G); the map tr is proper, that is, the subsets 

(11) Br{G) := {.g e G I a{g) < R} 

are compact for all i? > 1. The usual scale on a reductive p-adic groups has these 
properties. If the group G is finitely generated and discrete, then a — 1 + £ or 2^ 
for a word-length function £ are good, inequivalent choices. 

Let U € CO(G). Given sets S, S' of functions G//U — > C we say that S' domi- 
nates S if for any G S* there exists (/)' G S' with \4>'{g)\ > \4'{9)\ for all g ^ G. 

Definition 8. Let T(G) be a bornological vector space of functions (j): G ^ C. We 
call T(G) an unconditional smooth convolution algebra of rapid decay if it satisfies 
the following conditions: 
IUL r(G) contains H(G); 

02. n{G) is dense in T{G); 

03. the convolution extends to a bounded bilinear map T(G) x T(G) ^(G); 

04. T(G) = lim T(G/C/) as bornological vector spaces, where U runs through 
CO(G) and T{G//U) is the space of [/-bi-invariant functions in T(G)\ 
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|H|5. if a set of functions G//U — + C is dominated by a bounded subset of T{G//U), 

then it is itself a bounded subset of T{G//U); 
06. M„ is a bounded linear operator on T{G). 

The first four conditions define a smooth convolution algebra, the fifth condition 
means that the convolution algebra is unconditional, the last one means that it has 
rapid decay. 

An example of such a convolution algebra is the Schwartz algebra of a reductive 
p-adic group. 

Let T(G) be an unconditional smooth convolution algebra of rapid decay. A 
representation n: G ^ Aut(V^) is called T (G) -tempered if its integrated form ex- 
tends to a bounded algebra homomorphism T(G) — + End(F) or, equivalently, to a 
bounded bilinear map T{G) x V ^ V. The density of H{G) in T(G) implies that 
this extension is unique once it exists. Furthermore, G-equivariant maps are T{G)- 
module homomorphisms. Since the subalgebras T{G//U) are unital, the algebra 
T(G) is "quasi-unital" in the notation of so that the category Mod (T(G)) of 
essential bornological left T(G)-modules is defined. This category is naturally iso- 
morphic to the category of T(G)-tempered smooth representations of G (see 53)- 
Thus Mod (r(G)) is a full subcategory of Mod(G). 

The following lemmas prove some technical properties of T(G) that are obvious 
in most examples, anyway. Define Pr: T(G) T^{G) by Pii(f){x) — 4'{x) for 
X e Br{G) and PR<f){x) = otherwise, with Br{G) as in ((TTll . 

Lemma 9. Yanji^oo Pr{4>) — uniformly for (j) in a hounded subset ofT{G). 

Proof If T C T(G) is bounded, then T C T{G/lU) for some U £ CO(G). Shrink- 
ing U further, we achieve that the scale tr is J7-bi-invariant. We may further assume 
that (j)' G T whenever (f)' : G//U — ^ C is dominated by some 4> € T because T(G) is 
unconditional. Since Mo- is bounded, the subset M^iT) C T{G//U) is bounded as 
well. For any 4>eT,we have |0-Pr(/)| < R-'^\M^(I)\, so that (t>-PR(t) G R-^M„{T). 
This implies uniform convergence PR{(t>) </> for (j) & T. □ 

In the following, we briefiy write 

T(G') ■.= T{G)^T{G). 

Lemma El justifies this notation for Schwartz algebras of reductive groups. In gen- 
eral, consider the bilinear maps 

T{G) X r(G) ^ c, (01, 02) ^ M^)My) 

for {x,y) e G^. They extend to bounded linear functionals on T(G^) and hence 
map T(G^) to a space of smooth functions on G^. 

Lemma 10. This representation ofT{G^) by functions on G^ is faithful, that is, 
4> G T{G'^) vanishes once 4>{x, y) = for all x.y ^ G. 

Proof. The claim follows easily from Lemma El (this is a well-known argument 
in connection with Grothendieck's Approximation Property). If 4>{x,y) = for 
all x,y e G, then also {Pr Pr)4>{x, y) = for all R e N, x. y e G. Since 
Pr «) Pr(0) e H(G2), this implies Pr ® Pr(0) = for all ReN. Lemma H implies 
that Pr (g) Pr converges towards the identity operator on T(G) T(G) . This yields 
= as desired. □ 

Hence we may view T(G^) as a space of functions on G^. It is easy to see 
that T{G^) is again a smooth convolution algebra on G^. Equip G^ with the scale 
(j^ia, h) := u{a)a{b) for a,b G G. Then the operator Ma-2 — Ma- (8) is bounded, 
that is, T(G'^) also satisfies the rapid decay condition. However, T{G^) need not 
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be unconditional. We assume T(G^) to he unconditional in the following. This is 
needed for the proof of our main theorem. 

Let %{G) be HiG) equipped with the subspace bornology from T{G). This 
bornology is incomplete, of course. Similarly, we let %{G^) be H{G^) equipped 
with the subspace bornology from T{G^). 

Lemma 11. The completions of Tc{G) and 7^(G^) are naturally isomorphic to 
T{G) andT{G^). 

Proof. It suffices to prove this for Tc{G). We verify by hand that T{G) satisfies 
the universal property that defines the completion of Tc{G). Alternatively, we 
could use general characterisations of completions in |14| Section 4] . We must show 
that any bounded linear map /: %{G) W into a complete bornological vector 
space W extends uniquely to a bounded linear map on T{G). By Lemma El the 
sequence of operators Pr: T(G) %{G) converges uniformly on bounded subsets 
towards the identity map on T{G). Hence any bounded extension / of / satisfies 
f(4>) = limj7^oo / ° Pr{4>) for all G Conversely, this prescription defines a 

bounded linear extension of /. □ 

4.2. Isocohomological convolution algebras. Let ^ be a quasi-unital algebra 
such as ?i(G) or T(G). In QJ] I define the exact category Mod(A) of essential 
bornological left A-modules and its derived category Der(A). A bounded algebra 
homomorphism f : A B between two quasi-unital bornological algebras induces 
functors /* : Mod(B) Mod(A) and /* : Der(B) Der(A). Trivially, if / has 
dense range then /* : Mod{B) Mod(A) is fully faithful. We call / isocohomo- 
logical if /*: Der(_B) Der(A) is fully faithful as well (53)- We are interested in 
the embedding 'W(G) T{G). If it is isocohomological, we briefiy say that T(G) 
is isocohomological. The following conditions are proven in [TtI Theorem 35] to be 
equivalent to T(G) being isocohomological: 

• y®r(G) W = V®(jWfor all V,W e Der(r(G)) (recall that ^^^a) - ®g); 

• R}iomTiG)(y,W) ^R}lomG{V,W) for all V,W £ Der (r(G)); 

• the functor /* : Der(T(G)) ^ Der(G) is fully faithful; 

• r(G) (E)%V'^V for all V e Mod (r(G)); 

. T{G)^%nG)^nG). 

The last condition tends to be the easiest one to verify in practice. We will formulate 
it more concretely below. The signs "=" in these statements mean isomorphism in 
the homotopy category of chain complexes of bornological vector spaces. This is 
stronger than an isomorphism of homology groups. As a consequence, we have 
Toj:^{V,W) ^ Toil'^^\v,W) and Exta{V,W) ^ Ext^(c)(T/, M^) for all V,W € 
Mod(T(G)) if r(G) is isocohomological. 

Notions equivalent to that of an isocohomological embedding have been defined 
independently by several authors, as kindly pointed out to me by A. Yu. Pirkovskii 
(see pHl and the references given there). We warn the reader that in categories of 
topological algebras some of the conditions above are no longer equivalent. Namely, 
the cohomological conditions in terms of the derived category and M Hom are weaker 
than the homological conditions involving ® . 

We have seen in SectionE|that V^gW^ {V ^W)<E)g<C for all V,W e Mod(G), 
where V is equipped with the diagonal representation of G. Since V (§W is 
projective ii V or W is projective, this impHes an isomorphism 
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for all V,W ^ Der(G). Thus T{G) is isocohomological if and only if 

(r(G) ® r(G)) ®G c = r(G2) ®%c^ t{g). 

Here we equip T{G'^) with the diagonal representation of G, which is given by 

9 ■ fix, y) ■■= AGig)f{xg, g'^y) 

for all 5 e G, / e T{G^), x,y £ G because the left and right H(G)-module 
structures on T(G) are the integrated forms of the left regular representation A 
and the twisted right regular representation p ■ Aq ■ The convolution map 

T(G2) = T(G) ® r(G) A r(G) 

descends to a bounded linear map T(G^) (g)G C T{G)- The latter map is a 
bornological isomorphism because A ®a A = A ior any quasi-unital bornological 
algebra by |17[ Proposition 16]. Moreover, the convolution map T{G^) T(G) has 
a bounded linear section, namely, the map T(G) 7i(G, T(G)) C T{G'^) defined 
in 1^1 . 

We may use the projective resolution G, (X) ^ C to compute T{G^) ®q C. 
Proposition El identifies T^G"^) ®g C,{X) with C{X„T{G^))^. We augment this 
chain complex by the map 

(12) a : T{G^) §)g C[Xo] T{G^) C ^ T{G) 

We let C{X„T{G^))^ be the subcomplex of C{X„T{G^))^ that we get if we 
replace C{Xo,T{G^))'^ by C{Xo,T{G^))'^ := kera. 

Proposition 12. T(G) is isocohomological if and only if C{X,,T{G^))^ has a 
bounded contracting homotopy. 

Proof. Our discussion of the convolution map implies that the augmentation map 
in H12II is a surjection with a bounded linear section. Hence it is a chain homo- 
topy equivalence T^G"^) (g)^ C T{G) if and only if its kernel C{Xo,T{G^))'^ is 
contractible. □ 

To give the reader an idea why the various characterisations of isocohomolog- 
ical embeddings listed above are equivalent, we explain how the contractibility 
of C(X.,r(G2))'^ yields isomorphisms RHomr(G)(^, W^) = MHomG(F,W^) for 
V,W e Mod (T(G)). Almost the same argument yields V <S)t(g) W = V (E)%W. 
The extension to objects of the derived categories is a mere formality. 

The space T{G^) carries a T(G)-bimodule structure via /i * (/2 /a) * /4 = 
(/i * /2) ® (/s * /4)- This structure commutes with the inner conjugation action, 
so that P, := T{G^) ®g C,{X) becomes a chain complex of bornological T(G)- 
bimodules over T(G). As above, we can compute these spaces explicitly: 

T(G2) ®G C[X„] = Fix(StabC, T(G2)). 

It is not hard to see that T(G^) is a projective object of Mod (T(G^)). That is, 
T(G^) is a projective bimodule. Since the summands of T{G^) ®g C[X„] are all 
retracts of T(G^), we conclude that T(G^)®gC[X„] is a projective T(G)-bimodule. 

Suppose now that P, is a resolution of T{G). Then it is a projective T{G'^)- 
bimodule resolution. Since T(G) is projective as a right module, the contracting 
homotopy of P, can be improved to consist of bounded right T(G)-module homo- 
morphisms. Therefore, P, ®r(G) ^ is again a resolution of V . Explicitly, 

P„ ®riG) ^ Fix(Stab(0, r(G) ® V) 



HOMOLOGICAL ALGEBRA FOR SCHWARTZ ALGEBRAS 



15 



because T{G)(E>t{G)^ — ^ ■ The summands are retracts of the projective left T(G)- 
module T{G) ® V . Hence P, ®r{G) ^ is a projective left T(G')-module resolution 
of V . We use it to compute 

MHomr(G)(^, W) = YLoiJir {G)i.P» ®t{g) V, W). 

Let U e CO(G) act on T{G)®V by Ag|c/ -p^Tr = p®7r. If /: y is bounded 

and J7-equi variant, then 4> ®v ^ (j) * f(v) defines a bounded G-equi variant linear 
map Fix(J7, T(G) ®V) ^ W . One can show that this establishes a bornological 
isomorphism 

HomT(G)(Fix(t/,r(G) ®V),W)'^ Homc/(t/, W). 
This yields a natural isomorphism 

HomT(G)(P„®r(G) = Homstab({)(^: 

The right hand side no longer depends on T{G)\ Thus HomG(G,(X, T^), is iso- 
morphic to the same complex, and EHom7-(G)(^: W) = MHomG(V', W) as asserted. 

Next we simplify the chain complex C{X,,T{G^))^ . To e C{Xn,T{G^))^ we 
associate a function (f)^ : GxGxXn — > C by h, S_) := (j){(,){g, h). This identifies 
C{Xn, T{G'^))^ with a space of functions on G^ x X„ by LemmalTIll More precisely, 
we get the space of functions 0: G^ x X„ C with the following properties: 

• supp C G^ X 5 for some controlled subset S C X„ ; 

• the function (a, b) 0(a, b, ^) belongs to T{G^) for all ^ € X„; 

• (j){<^9T 9~^b, g~^^) = 0(a, 6,^) for all ^ S X„, g,a,b G G (the two modular 
functions cancel). 

The last condition means that (j) is determined by its restriction to {1} x G x X„ 
by (l}{a,b,^) = (j}{l,ab,aO- Thus we identify C{X„,T{G^))^ with the following 
function space on G x X„: 

Definition 13. Let C(G x X„,T) be the space of all functions (p: G x Xn C 
with the following properties: 

[T3II. supp0 C G X S" for some controlled subset S C X„; 

[T3I2. the function (a, b) i-> (t){ab, belongs to T(G2) for all ^ G X„. 

A subset T (- C{G X X„, T) is bounded if there is a controlled subset S C G such 
that supp</) C G X 5 for all (/) e T and if for any ^ e X„, the set of functions 
(a, 5) ^ (t){ab, for e T is bounded in T{G^). 

The boundary map S on C(X„, T{G^))^ corresponds to the boundary map 
S:C{Gx X„+i,r) ^C(G x X„,T), 

n+l 

Hig, Xo,...,Xn) {-ly ^ 0(5, Xo,.--, Xj-i,y, Xj,..., Xn). 

j=0 yex 

The augmentation map C(X, T(G^))^ ^(G) corresponds to 
(13) a : C(G X X, T) ^ r(G), a^ig) = ^ ^(5, x). 

The proofs are easy computations, which we omit. Let C(GxXo, T) C C(GxXo, T) 
be the kernel of a and let C(G x X,, T) be the bornological chain complex that we 
get if we replace C(G x Xo, T) by C(G x Xq, T). Thus 

C{GxX„T)^C{X„T{(?))^. 
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Smooth functions of compact support automatically satisfy both conditions in 
Definition [131 so that n{G) ® C[X„] C C{G x Xn,T). These embeddings are com- 
patible with the boundary and augmentation maps. Thus Ti.{G) Cm{X) becomes 
a subcomplex of C{G x X„T). We write C(G x X„%) and C(G x X„%) for the 
chain complexes Ti-iG) ® G,{X) and H{G) (8) G,{X) equipped with the incomplete 
subspace homologies from C{G x X,,T). The complex C{G x X,,%) is contractible 
because C,{X) is. However, the obvious contracting homotopy is unbounded. 

Lemma 14. Suppose that there is a contracting homotopy D for G,{X) such that 
id-H(G) ® D is hounded on C{G x X,, %). Then T{G) is isocohomological. 

Proof. We claim that C(G x X,,r) is the completion of C(G x X„%). Then 
C(G X X,,T) = C(X,,T(G^))^ inherits a bounded contracting homotopy because 
completion is functorial. Proposition El yields that T(G) is isocohomological. It 
remains to prove the claim. We do this by reducing the assertion to Lemma ITTl 
Since C(G x X,,T) is a direct summand in C(G x X,,T), it suffices to prove that 
C{G X X,,T) is the completion of C(G x X,,Tc). Recall that X'^ denotes a subset 
of X, containing one point from each G-orbit. The decomposition of X, into 
G-orbits yields a direct-sum decomposition 

(14) C(G x X,,%) ^ Fix(StabC, Tc(G2)), 

and a similar decomposition for C(G x X,,T). Here direct sums are equipped with 
the canonical homology: a subset is bounded if it is contained in and bounded in a 
finite sub-sum. The reason for ifnji is that a subset of X„ is controlled if and only if 
it meets only finitely many G-orbits. Since completion commutes with direct sums, 
the assertion now follows from Lemma ITTl □ 

5. Contracting homotopies constructed from combings 

In order to apply Lemma we have to construct contracting homotopies of 
C,{X). For this we use the geometric recipes of jlS]. The only ingredient is a 
sequence of maps pk - X ^ X with certain properties. We first explain how such 
a sequence of maps gives rise to a contracting homotopy D of G,{X). Then we 
formulate conditions on {pk) and prove that they imply boundedness of D. 

5.1. A recipe for contracting homotopies. The construction of G,{X) and 
G,{X) is natural: a map f : X X induces a chain map /* : C,{X) C,{X) by 

/H,((a;o, . . .,Xn)) := (/(a^o), • • ■ , /(a^n)) or, equivalently, 

(15) /*(/)(a;o, . . . ,a;„) = ^ ^(yo, ■ • • , y«)- 

Since a o = a, this restricts to a chain map on G,{X). We have id* = id and 
(/s)* = 1*9*- Let po be be the constant map x ^ H for all x G X. We claim 
that (po)* = on C,[X). On C[X„] for n > 1 this is due to our convention that 
(xo, . . . , Xn) = if = Xi+i for some i. For (f) € C[Xo], we get {po)*(t> = a{4)) ■ (H), 
where (H) G C[X] is the characteristic function of H ^ X. This implies the claim. 

Given maps /, /' : X ^ X, we define operators Dj{f, /') : C[X„] — > C[Xn+i\ for 
j e {0, . . . , n} by 

(16) D,if, /')((xo, . . . , x„)) := (/(xo), . . . , fix,), /'(x,), . . . , /'(x„)) 
and let D{f, /') := (/' /')• It is checked in PI that 

[S, Dif, /')] := S o D{f, /') + Dif, f')o5 = fi- 
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Thus the chain maps /, on C,{X) for f : X ^ X are all chain homotopic. In 
particular, D{id,po) is a contracting homotopy of C,{X) because {po)* = 0. 

However, this trivial contracting homotopy does not work for LemmalTH Instead, 
we use a sequence of maps (pfe)fegN with po as above and limk^oo Pk = id, that is, 
for each x G X there is fco G N such that pk{x) — x for all k > kg. We let 

Dk := D{pk,Pk+i), Djk := Dj{pk,Pk+i)- 

Observe that Djk vanishes on the basis vector {xq, ■ ■ ■ ,Xn) unless pfc(a:j) ^ pk+i{xj). 
Therefore, all but finitely many summands of 

oo 
k=0 

vanish on any given basis vector. Thus I? is a well-defined operator on C,{X). 
The operator D is a contracting homotopy of C,{X) because 

oo oo 

[D,S] = S2[D{pk,Pk+i),S] = VCpfc+i)* - (Pk)* = lim (pk)* - (po)* = id. 

k=0 k=0 

To verify this computation, plug in a basis vector and use that all but finitely many 
terms vanish. This is the operator we want to use in Lemma ITU 

5.2. Sufficient conditions for boundedness. Construct D as above and let 
D' := id-H(G) ® D. We want this to be a bounded operator on C{G x X,,7^). 
For this, we impose three further conditions on (pk)- First, (pk) should be a comb- 
ing. This notion comes from geometric group theory and is already used in [Tfi] . 
It allows us to control the support of D'4> for (j) with controlled support. Secondly, 
the combing (pk) should be smooth. This allows us to control the smoothness of 
the functions (a, 5) D' (j){ab,aS,) on for ^ £ Xn. Only the third condition 
involves the convolution algebra T(G') . It asks for a certain sequence of operators 
%{G) %{G^) to be equibounded. 

The smoothness condition is vacuous for discrete groups. The third condition is 
almost vacuous for -^i-Schwartz algebras of discrete groups. Hence these two con- 
ditions are not needed in ^^l- In our application to reductive groups, we construct 
the operators (j>k) using the retraction of the affine Bruhat-Tits building of the 
group along geodesic paths. This is a combing because Euclidean buildings are 
CAT(O) spaces. Its smoothness amounts to the existence of congruence subgroups. 
The third condition follows easily from Lemma |21 

We now formulate the above conditions on (pk) in detail and state the main 
result. We use the relation ~f for a finite subset F C X = G/H defined in JHJ by 
X ~F y "^^^^ x~^y € HFH. 

Definition 15. A sequence of maps (pA;)feGN as above is called a combing of X if 
it has the following additional two properties: 

[T5II. there is a finite subset F (- X such that Pk{x) ~_f pk+i{x) for all fc e N, 

X € X; 

11512. for any finite subset F C X there is a finite subset F C X such that Pk{x) 

Pk{y) for all fc G N and x,y & X with x y- 
We say that the combing has polynomial growth (with respect to the scale a) if the 
least ko such that pk{gH) — gH for all k > ko grows at most polynomially in a{g). 
(This definition of growth differs slightly from the one in [E]-) 

We may view the sequence {pk{x)) as a path from H to x. The conditions on a 
combing mean that these paths do not jump too far in each step and that nearby 
elements have nearby paths {pk{x)) . 
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Definition 16. A combing {pk)k(EG of G/H is called smooth if it has the following 
two properties: 

[Tfill. all maps pk are i/-equivariant for some open subgroup H C H; 
[El2. for any U € CO(G), there exists V £ CO(G) such that aVb C UabU for all 
a,b & G with pk[abH) = aH. 

Definition 17. Let [pk) be a smooth combing of polynomial growth. Define 



We say that [pk] is compatible with T{G) if the sequence of operators [Rk] is 
equibounded. 

Theorem 18. Let G be a totally disconnected, locally compact group and let T{G) 
be an unconditional smooth convolution algebra of rapid decay on G. Suppose also 
that the function space T(G^) on G^ is unconditional. If G/H for some compact 
open subgroup H C G admits a smooth combing of polynomial growth that is com- 
patible with T(G), then T(G) is isocohomological. 

5.3. Proof of Theorem HH 

Lemma 19. Suppose that (pk) is a combing. Then for any controlled subset S C Xn 
there is a controlled subset S C Xn+i such that swppcj) ^ ^ implies supp D{(f)) C S 
for all 4> e C[X„]. 

Proof. Since S is controlled, there is a finite subset F (1 X such that Xi Xj for 
all i,j e {0, . . . ,n}, {xi) € S. Since (pk) is a combing, we can find a finite subset 
F C X such that Pk{xi) pk+i{xi) and Pk{xi) Pk{xj) for all fc S N and all 
{xj) € S. Let F' := HFHFH C G/H. If x y r^p z, then x ^f' z. Hence 
{pk{xo), . . . ,pk{x;j),Pk+i{X]), ■ . ■ ,Pk+i{xn)) is controlled by F' for all [xi] e S. 
This means that all summands in D{xo, . . . ,Xn) are controlled by F'. □ 

Hence D' := id-j-^i^Q^ ®D preserves controlled supports in C{G x X,, %). We have 
seen in Ijl4|l that 



The isomorphism sends (j): G x Xn — > C to the family of functions {(f'^)(^ex' defined 
by 0{(a, b) := (f>{ab, a^). Thus we may describe any operator on C{G x X,, %) by a 
block matrix. In particular, we get D' = (£'^^)j,?)ex; with certain operators 



The fact that D' preserves controlled supports means that for fixed 77 we have 
D'^^ = for all but finitely many ^. Thus the whole operator D' is bounded if and 
only if all its matrix entries D'^^^ are bounded. 

For j, n G N, 71 > j, define pjk : X"+'^ by 

Pjk{{xo, . . .,Xn)) := (Pkixo), . . . ,Pk{Xj),Pk+l{Xj), . . . ,Pk+l{Xn)). 

Then the operator Djk : C[X„] — > C[X„+i] is given by 





C{G X X„%) = Fix(StabC, T,(G2)). 



D^,,: Fix(Stabr7,rc(G2)) ^ Fix(Stab^, rc(G2)). 



V^PjkHO 
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Let D'jf, = id>^(G) ®Djk and let D'^^, be the matrix entries of D^-^, with respect to 
the decomposition lO. Thus D'^^ = J2kGnJ2]=oi-^y ^jk,^^- Writing (j>^{a,b) = 
4>{ab,aS^) and 4>n{ag,g^^h) ~ 4>{ab,agri), we get 

(17) D'^,^^^^ia,b) = J2 ^iag,g-'b) 

{g e G/ Stab(77) | Pjkiagii) = a£,} 



vol(Stab77) W ^^^{ag,g ^b) dg 



/{g G G I Pjkiagr]) = 

for ■0 G Fix(Stabr;,rc(G2)). The right hand side of ^ makes sense for arbitrary 
4> G Tc{G^) and extends D'^u^^-q to an operator on Tc{G^). Now we fix ^,7y until 
further notice and sometimes omit them from our notation. 

Let U C Stab(ry) be an open subgroup and (j) G %{G//U). Let G Ti-iG) be 
the normalised Haar measure of U, that is, supp ^lu — U and nuig) — vol([/)~^ for 
g & U . Equation ifTzIl yields 

vol(Stab ri)Djk,^,j {4> ® fJ'u){a, b) 

= vol(C/)-i/ 0(a5)dg=|'^("^) ifp,.(aM = <; 

^{5 G 6C/ I pjfe(ag?7) = a^} [0 otherwise. 

Let Xi,C))('^i ^) be the number of A: G N with pjk{abri) = aS, and let 

n 

Xia, b) = x?.)(a, b) := Xl("l)^Xi,?^(a, 

These numbers are finite for any a,b G G for the same reason that guarantees that 
the sum defining D is finite on each basis vector. Define 

A = A^^: %{G) -> re(G2), A^{a, b) = x(a, &) • 

Our computation shows that Acj) — D'^^{(j)®^u)-Mo\{Sidhr]) \{U is an open subgroup 
of Stab 77 and G %{G//U). 

Lemma 20. The operator D'^^ is hounded if and only if A^ri is hounded. 

Proof. The boundedness of D'^^ implies that A is bounded on Tc{G//U) for suffi- 
ciently small U and hence on all of %{G). Suppose conversely that A is bounded. 
We turn 7^(G^) into an (incomplete) bornological right %(G)-module by 

(/i ® /2) * /3 := /i ® (/2 * /a)- 

This bilinear map Tc{G^) x Tc{G) 7^(G^) is bounded because the convolution in 
T(G) is bounded. The operators D'-f^ and hence D'^^ are 7^(G)-module homo- 
morphisms by ifTTjl . Let U C Stab(?7) be open and (j)i,(t)2 G %{G//U). Then 

-0^^(01 ® 02) = D'^^{(t)i ® ^iu) * <t)2 = vol(Stab77)-M(0i) *02. 
This implies the boundedness of D'^^ because U is arbitrarily small and A and the 
convolution %{G^) %{G) are bounded. □ 

Lemma 21. If the combing is smooth, then for any U G CO(G) there isV £ CO(G) 
SMc/i that A maps %{G//U) into %{G^//V^). 

Proof. Let a,b G G. Clearly, x(a,5y) = xi^-jb) for y G Stab(77). Since pfc is 
i?-equivariant, so is pjk- Hence x(/ia, 5) = x{o-i for h € H. Therefore, A<p{ua, b) = 
A(f>{a,b) = A(l){a,bu) for G %{G//U) provided U C H n Stab(ry). Moreover, we 
have A(l)(a, xb) — A(/){ax, 5) if a; G Stab(^). 

We may assume that the zeroth components 770 and <^o are H: any G-orbit 
on Xn has such a representative. Then Pjkiabr]) — implies pkiabH) = aH. By 
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the definition of a smooth combing, there is G CO(G) such that aVb C UabU 
whenever pj^iabrj) = for some fc g N. Hence 4>{avb) — (l){ab) for (a, 6) G suppx 
and V £V. We may shrink V such that V C Stab(^) flC/. Then x(a, vb) = x(a, 6) = 
X{av, b) as well, so that A maps %{GI/U) to Tc(GV/V^^)- □ 

Definition 1171 requires the following sequence of operators to be equibounded: 

I otherwise. 

Hence R Ylkeni^^'^)^'^ is bounded. We have R(j){a, b) — (j){ab)x'{a, b), where 

X'(a,6)= J2 (k + l)-'. 

{fc e N I PkiabH) = aH} 

Now let S C Tc(G) be bounded. Then S C %{G//U) for some U G CO(G). We 
have already found V £ CO(G) such that Acj) G %{G^ //V^) for all G %{G//U). 
Since pointwise multipHcation by the scale a is bounded on %{G//V), it follows 
that the set of functions a{a)^ a{b)^ R{S) is bounded in %{G'^ HV'^). We claim 
that a{a)^ ai}))^ R[S) dominates A{S) for sufficiently large N. Since T(G2) is 
unconditional, this implies the boundedness of A. 

Since A and i? are multiplication operators, the claim follows if x'cr^ dominates 
Xj,{r; for any fixed j,i^^r\. This is what we are going to prove. Let ko^ab) be the 
least ko such that pk{abr]j) = ab'qj for all k > ko. The polynomial growth of 
the combing implies that ko{ab) is dominated by Ca{ab)'^ < Ca{a)^ a{b)^ for 
sufficiently large G, N. Since £,j ^ we have pjk{abr]) ^ G^ for k > ko. Hence, 
\{ Pjk{abri) = a^, then k < ko. We choose the set of representatives X'^ such that 
£,0 = H for all ^ G X^. Then pjk{abr]) = implies pk{abH) = a77. Therefore, for 
each summand 1 in Xj",5r;(a, ^) there is a summand l/(fc+l)'^ > in x'(a, 6). This 
yields the desired estimate Xj,4r;(a, ^) < ko{a, 6)^x'(a; ^) < G^CT(a)^^cr(6)^^x'(a, b). 
Thus the operators yl^^ are bounded for all ^,77. This implies boundedness of D'^^ 
by Lemma EDI By Lemma ITfll it follows that D' is bounded. Finally, Lemma [Til 
yields that T(G) is isocohomological. This finishes the proof of Theorem 1181 

6. A SMOOTH COMBING FOR REDUCTIVE p-ADIC GROUPS 

The following theorem is the main goal of this section. In addition, we prove a 
variant (Theorem I28II that deals with the subcategories of x-homogeneous repre- 
sentations for a character x'- C(G) — > U(l) of the connected centre of G. 

Theorem 22. The Schwartz algebra S{G) of a reductive p-adic group G is isoco- 
homological. 

Proof. We are going to apply Theorem ^| Let a be the standard scale as in the 
definition of the Schwartz algebra and let T(G) := S{G). The space T{G^) is 
defined as T(G) (i)T{G). This notation is permitted because of Lemma |2l which 
identifies S{G) ® S{G) with the Schwartz algebra of G^ (which is again a reductive 
p-adic group). Clearly, the Schwartz algebras S{G) and S{G'^) are unconditional 
smooth convolution algebras of rapid decay. 

We let BT = BT{G) be the affine Bruhat-Tits building of G, as defined in 
[5ll23j. This is a Euclidean building on which G acts isometrically, properly, and 
cocompactly. Let G(G) be the connected centre of G, so that the quotient G/G(G) 
is semi-simple. In SectionQ we will also use the variant BT{G/C{G)) of BT{G), 
which we call the semi-simple affine Bruhat-Tits building of G. 

Let Go be the connected component of G as an algebraic group. Thus Go is a 
reductive group and G is a finite extension of Go . Inspection of the definition in [2S| 
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shows that the buildings for G and Go are equal. We remark that it is not hard to 
reduce the case of general reductive p-adic groups to the special case of connected 
semi-simple groups, or even connected simple groups. At first I followed this route 
myself. Eventually, it turned out that this intermediate step is unnecessary because 
all arguments work directly in the generality we need. 

Let Co e BT, H := Stab(^o), and X := G/H. We have H e CO(G), and X may 
be identified with the discrete subset G^o C BT. We need a combing oi X. As 
a preparation, we construct a combing of BT, using that Euclidean buildings are 
CAT(O) spaces, that is, have "non-positive curvature" (see HUH). In particular, any 
two points in BT are joined by a unique geodesic. For ^ G BT, let 

p{0-[0,d{C,Co)]^BT, t^ptiO, 

be the unit speed geodesic segment from to ^; extend this by pt(^) := for 
t > d{C,Co). Restricting to t £ N, we get a sequence of maps pk ■ BT BT. 

Lemma 23. The maps pk for k gN form a combing of linear growth of BT. 

This means d{pk{£,) , Pkiv)) < R ' di^iV) + R and d{jpk{C),Pk+i{Cl) < R for all 
£,,r] G BT, A: G N, for some R > 0. Linear growth means that the least fco such that 
PkiO is constant for k > grows at most linearly in d{C,Co). 

Proof. By construction, d{ps{£,),pt{£,)) ^ l^"*! for all s,t e M+, <^ e BT, andps(0 
is constant for s > d(^,^o)- The lemma follows if we prove the following claim: 
d{ptiO,Ptiv)) < d{C,v) for all C,TjeBT,te R+. 

Fix C,ri G BT and t G M+. We may assume (i(^,^o) > d{r],S^o) (otherwise 
exchange ^ and rj) and d(C,^o) > t (otherwise ptiO = C and ptiv) = v)- Let d* be 
the usual flat Euclidean metric on R^. Let £,* and rj* be points in with 

d*(r,0)=d(C,eo), d*(77*,0) = d(7y,^o), d*{C,V*)^d{C,r,). 

The CAT(O) condition means that distances between points on the boundary of the 
geodesic triangle (Cj??, Co) are dominated by the distances between the correspond- 
ing points in the comparison triangle (C*,77*,0). Here the point ptiO corresponds 
to the point PtiO* on [0,^*] of distance t from the origin. The point ptiv) cor- 
responds to the point ptiv)* of distance m.m{t,d{r],Co)} from the origin. An easy 




Figure 1. A comparison triangle 



computation or a glance at Figure shows d*{pt{C)* ,pt{r])*) < d*{£^*,7f). By the 
CAT(O) condition, this implies d(pt{S,),ptiri)) < d{£,,T]). □ 

We identify G/H with the orbit G^o ^ BT. Since the group action is cocompact, 
there is some R> such that for any ^ e BT there exists C' G G^o with d{C, < R. 
We let Pfc(C) for ^ G BT be a point in G^o with d(p'f.{S,),pk{£,)) < R. We claim that 
any such choice deflnes a combing of G/H. 

If we equip G^o with the metric d from BT, the maps p'j^ on G^o still form a 
combing in the metric sense because they are "close" to the combing (pk)- The 
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subspace metric from BT and the relations ~f in Definition ^1 generate the same 
coarse geometric structure on X. That is, for any i? > there is a finite subset 
F Q X such that d{x,y) < R impUes x y, and for any finite subset F C X 
there is i? > such that x y impHes d{x,y) < R. This is easy to verify by 
hand. Alternatively, it follows from the uniqueness of coarse structures mentioned 
after Definition 1151 Hence (pj,) is a combing of G/H in the sense we need. 

We also need the combing to be smooth. To get this, we must choose the base 
point ^0 and the approximations p'j, {£,) more carefully. This requires some geometric 
facts about the apartments in the building. Let K be the non- Archimedean local 
field over which G is defined. Let S" C G be a maximal K-split torus of G. We 
do not distinguish in our notation between the algebraic groups S and G and their 
locally compact groups of i^-rational points. Let X*{S) and X.^,{S) be the groups 
of algebraic characters and cocharacters of S, respectively. The M- vector space 
A := X^{S) R is the basic apartment of (G, S). 

Let $ C X*{S) be the set of roots of G relative to S. Choose a simple system 
of roots A C $ and let C A be the corresponding closed Weyl chamber: 

A+ -.^{xe A \ a{x) > for all a £ A}. 

Let W be the Weyl group of the root system <i>. It is the Coxeter group generated 
by orthogonal refiections in the hyperplanes a{x) = for a £ A. The positive 
cone ^+ is a fundamental domain for this action, that is, iy(j4-|_) = A (see LlDj ). 

Let Z C G be the centraliser of S. There is a canonical homomorphism i^: Z ^ A 
(see ||2^ (1-2)]). Its kernel is compact and its range is a lattice A C A; that is, A 
is a discrete and cocompact subgroup of A. Moreover, let A_|_ := A n A+. Since A 
is free Abelian, we can lift it to a subgroup of Z and view A C Z C G. Let <i>af 
be the set of affine roots as in [23] (1-6)]. These are affine functions a: ^ ^ K of 
the form a{x) — ao{x) + 7 with ao € <& and certain 7 £ R. Recall that $ C 
and that <i>af is invariant under translation by A. The subsets of A of the form 
{a; G A I a{x) — 0} and {x & A \ a{x) > 0} for a G $af are called walls and 
half- apartments, respectively. 

We define the closure cl(i7) C ^ of a non-empty subset O C A as the intersection 
of all closed half-apartments containing ft (see O (7.1.2)]). We claim that 

(18) cl({0,e})-A+n(e-A+) 

for all ^ e A_(-. Let B :— A^ H — A^). This is an intersection of half-apartments 
containing and ^ because $ U (^ ~ $) C $af- Hence cl({0,^}) C B. It remains 
to show that any half- apartment G containing and ^ also contains B. Let G be 
defined by the equation a > for some affine root a with linear part ao S <&. We 
distinguish the cases ao > and ao < 0. If ao > 0, then a{x) — aQ{x) + a{0) > 
ao{x) is non-negative on A+; if ao < 0, then — x) = —ao{x) + a{^) > —ao{x) 
is non-negative on A+ , so that a is non-negative on ^ — A+ . Thus B C G in either 
case. This finishes the proof that cl({0,^}) — B. 

Lemma 24. There is R > such that for all ^ G A-|_ and all rj G cl({0, ^}), there 
is 77' G A n cl({0, ^}) with d{r], 77') < ^• 

Proof. Let A = {ai, . . . ,as} be the system of simple roots that determines A^. 
If G is semi-simple, these roots form a basis of A. In general, they are Hnearly 
independent, so that we can extend them to a basis by certain aj for s < j < r. 
Define a vector space isomorphism 7: A ^ K'' by 7(77)^ — ajiv) for J = 1, . . . ,r. 
This identifies A^ with the set of (xj) G M'' with Xj > for 1 < j < s. Equation Ijl8|l 
identifies B := cl({0,C}) with 

liB) = {{xj) G < X, < 7(a-, J = 1, . . . , 4- 
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We may assume aj £ X*(S') C>5 Q C A, so that 7(A) C Q^. Replacing 7 by 
n~^7 for some n e N*, we can achieve Z'' C 7(A). Hence if {xj) G j{B), then the 
truncated vector [{xj)\ :— {[xj\) belongs to j{Br\A). It satisfies \xj — [xj\ \ < 1 
for all j. Since the norm ||7(?7)||oo is equivalent to the Euclidean norm on A, we 
have c?(7~^ L7('7)J jV) < R for all ry e i? for some R > 0. □ 

The building BT can be defined as the quotient of G x A by a certain equivalence 
relation. We may view gA for g G G as a subspace of BT; these are the apartments 
of BT. We now choose ^0 to be the origin in yl C BT. Recall that H C G denotes 
the stabiliser of ^o- We have the Cartan decomposition G = HK+H by ^23t (3.3.3)], 
so that G^o = -H^A+^o- Let Go C G be the connected component of the identity (as 
an algebraic variety) and let Ho :— H Ci Go- These are open normal subgroups of 
finite index in G and H, respectively, and BT{G) is isomorphic to BT{Go) equipped 
with a canonical action of G. 

Choose A^ C A+ to contain one representative for each i7-orbit in G^o- Fix 
^ G A'^_ and A: € N. We further decompose i/^ as a disjoint union of finitely many 
ifo-orbits HohjS^ — hjHoC for suitable hi, . . . , Hn G H. We let p'l^H) be some point 
in A n cl({0, ^}) C A C BT that has minimal distance from Pk{£.)- 

Proposition 25. Let fl C A C, fl {/}. If g ^ Go satisfies gx — x for all x € ft, 
then gx = X for all x G cl(f2). (This may fail if we allow g G G.) 

Proof. The proof requires some facts about stabilisers of points in BT, which are 
conveniently summarised in |2()[ Section I.l]. The subgroups Pq C Go defined there 
manifestly satisfy Pa — Pci{n)- This implies our claim because 

Pn = {g e Go I gx = .x Va; e fl}. □ 

Proposition EH allows us to define p'kihjho^) := hjhop'i^{^) for all ho G Ho. Let- 
ting vary, we get a map p'j^: Gfo G^o- It is -ffo-equivariant because Ho 
is normal in H. Since Pk{£,) G cl({0,^}). Lemma [24l vields R > such that 
d{pk{0,p'k{0) < R for all fc G N, C e A'+. The same holds for ^ G G^o be- 
cause pk is i/-equivariant and G acts isometrically on BT. Moreover, p'q{^) — £,q 
and p'kiO — ^ ioT k > c?(^,^o)- Thus {p'f.) is a combing of G/H of linear growth. 

Lemma 26. The combing (p'f.) is smooth. 

Proof. There is a decreasing sequence (Un)ne'R in CO(G) such that each [/„ is 
normal in H and can be written as C/+ • ~ U.^ ■ ?7+ with 

(19) XU+ C C/+A, U-X C XU~ 

for all A G A+ (see 1201 Section 1.2]). Let a,b e G satisfy p'kiabH) = aH. Write 
ab = hiXh2 with /ii,/i2 G /J, A G A'^, and hi chosen as carefully as above if G is 
disconnected. Then a = /iip'j.(A)/i3 with the same hi and some h^ G H. Hence 
6 = /13 Vfe(^)"^-^^2. Since p'i,{X) G cl({0, A}), equation {TU yields p'k{X) G A+ and 
pJ,(A)^^A G A+. Using ltT9|l and that C/„ is normal in H, we get 

aC/„6 = hip',(X)U+U-pi{Xy'Xh2 C /iiC/+p;,(A)pUA)-'At/-/.2 

C hiUnXUnh2 = UnhiXh2Un = U„abUn. 

Thus the combing (p'j,) is smooth in the sense of Definition llfil □ 

Finally, the compatibility condition of Definition El is easy to check using the 
expHcit description of 5(G^) in Lemma |2l In order to cover also the Schwartz 
algebras for discrete groups, which are defined by £i-estimates, we define spaces 

L;{G) := {/: G ^ C I / • G ip(G) Vfc G N} 
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for all 1 < p < cxD, and equip them with the evident homology: a subset T C L^iG) 
is bounded if and only if for any fc e N there is Ck such that \\f -cf^ \\l (g) ^ Ck for 
all f G T. Let L'^{G//U) be the subspace of C/-bi-invariant functions in L'^{G). 
For p = 2, this agrees with the previous definition, so that Lemma[2yields 

S{G) = limL^ (G/C/), S{G^) = limL^(GV/C/^). 

Lemma 27. Let (pk) be a combing of polynomial growth on G/H. Then the se- 
quence of operators (Rk) used in Definition \1'A is uniformly bounded as operators 
-^p(^) ^ ^p(^^)- Here we use the scale a{a,b) a{a)a{b) on G^ . 

Proof. The operator W(f>{x,y) :— 4>{x,x~^y) is an isometry of Lp{G^). It is also 
sufficiently compatible with the scale on G^ for W and its inverse to be bounded 
linear operators on Lp(G^). We have Rk4>{a,b) = 0(a6)lp^(ab_f/) (o), where ^p^[abH) 
denotes the characteristic function oi pk{abH) C G. Hence 

WRk(l){x,y) = (j){y) ■ lp^(yH){x). 

Since the combing {pk) has polynomial growth, a{pk{yH)) is controlled by a poly- 
nomial in a{y). The boundedness of W o Rk is now immediate because all cosets 
xH have volume 1 . This implies the boundedness oi Rk- □ 

Since the combing (p'j,) is smooth, for any U G CO(G) there exists V G CO(G) 
such that Rk maps %{G//U) into %{G'^//V'^). Together with Lemma [?7l for p = 2, 
this yields that the combing (p'j,) is compatible with S{G) in the sense of Defini- 
tion El We have now verified all the hypotheses of Theorem El Thus S{G) is 
isocohomological. □ 

6.1. Decomposition with respect to the centre of G. As before, we let G 
be a reductive p-adic group. Let G(G) C G be the connected centre of G and 
let X'- C{G) U(l) be a unitary character on G[G). Let Modx(G) be the full 
subcategory of Mod(G) whose objects are the representations ir: G ^ Aut{V) that 
satisfy n{z) = x(2)idy for all z € G(G). Let 

Modx(5(G)) := Mod(5(G)) n Modx(G) 

be the subcategory of tempered representations in Mod^{G). The class of exten- 
sions with a bounded linear section turns Mody^(G) and Mod^(5(G)) into exact 
categories, so that we can form the derived categories Der^(G) and Der^(5(G)). 
Let Gss := G/G(G), this is again a reductive p-adic group. If x = 1; then 
Modx(G) = Mod(Gss) and Modx(5(G)) = Mod(5(Gss)). In general, there are 
quasi-unital bornological algebras TL^{G) and Sy^{G) such that 

Modx(G) ^ Mod(Hx(G)), Modx(5(G)) ^ Mod(5x(G)). 

We briefiy recall their well-known definitions. A G(G)-invariant subset of G is 
called C{G)-compact if its image in Gss is compact. Let 7i^(G) be the space 
of locally constant functions /: G ^ C with G(G)-compact support such that 
f{z-^g) = x{z)fig) for all 5 G G, z G G(G). If /i,/2 G H^iG), then the function 
h ^ fi{h)f2{h^^g) is G(G)-invariant, so that 

/i*/2(.9) / fiih)f2{h-'g)dh 

makes sense; here dh denotes the Haar measure on Gss- This turns T-L^{G) into an 
algebra, which we equip with the fine homology. 

Let L2(G)x be the space of functions / : G ^ C that satisfy f{z~^g) = x{^).fi9) 
for all 5 G G, z G G(G), and such that zg 1— > \fig)\ is an element of Lgl^ss)- Let 

S^iG) :=limL-(G//t/);, 
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where U runs through the set of compact open subgroups with U fl C(G) C ker^. 
The same estimates as for S{Gss) show that the convolution on TL^{G) extends to 
a bounded multipHcation on S^{G). 
Consider the map 

p: n{G) ^ n^{G), pf{g) := / x{z)f{zg) dz. 

JC(G) 

For appropriately normahsed Haar measures, this is a surjective, bounded algebra 
homomorphism; that is, Hx{G) is a quotient algebra of H{G). Using p, we can pull 
back W^(G')-modules to H(G)-modules. This construction maps essential modules 
again to essential modules (p is a proper morphism in the notation of jE]). Thus 
we have got a functor p* : Mod(7i^(G')) Mod(?i(G)) . Since p is surjective, p* is 
fully faithful. Thus Mod{H^{G)) becomes a full subcategory of Mod(G'). It is easy 
to identify this subcategory with Mod^{G). If {V,tt) G Mod^{G), then V becomes 
an essential Hx(G)-module by 

Af) ■■= [ f{9)<g)dg. 

This is well-defined because f{gz)Tr{gz) — f{g)Tr{g) for all g G G, z G C(G). 

We can extend p to a bounded algebra homomorphism p^ : S{G) S^{G). 
The map p'^ has a bounded linear section and its kernel is the closure of ker p C 
Ti.{G). Therefore, bounded algebra homomorphisms S^{G) End(P^) correspond 
to bounded algebra homomorphisms 5(G) — * End(F) whose restriction to H{G) 
vanishes on ker p. Equivalently, Mod{S^{G)) = Mod (5(G)) n Modx(G). Thus 
TixiG) and S^iG) have the required properties. 

Theorem 28. The embedding T-L^{G) S^{G) is isocohomological. 

Proof. Let n^{G)°P be the opposite algebra of n^{G), so that Mod(Hx(G)°P) is 
the category of right 7i^(G)-modules. Since 7i^(G)°P = 7i^-i(G), we have an 
isomorphism of categories Mod('Hx(G)°P) = Mod^-i(G). 

Equip X e Mod(Hx(G)°P), V e Mod(Hx(G)) with the associated representa- 
tions of G. We equip X with the diagonal representation. Since x and 
cancel, G(G) acts trivially on X (E)V. Thus we obtain a bifunctor 

(20) Mod(Hx(G)°P) X Mod(7ix(G)) ^ Mod(G,,), {X, V)^X(g)V. 

This functor is evidently exact for extensions with a bounded Hnear section. More- 
over, we claim that X is projective if X or V are projective. It suffices to treat 
the case where X is projective. We may even assume that X is a free essential 
module Xq (§) 7i^(G). The diagonal representation on Xq (g) Ti-xiG) is isomor- 
phic to the regular representation pg ® 1 (g) 1 on H(Gss) ® ® F. The intertwining 
operator is given by <i>(x ® / ig) y){g) f{g)x ® gy for all g € G; this function only 
depends on the class of g in Ggs- 

Let X e Mod(Hx(G)°P), V e Mod(7i:x(G)) . Then X®«^(g) V is defined as the 
quotient of X (gjV hy the closed linear span ofx*/®w — for x G X, 

/ G Hx{G), V £ V. Since p: H{G) TL^iG) is surjective, this is the same as 
X ®u(G) ^) which we have identified with X ®g V in Section|2l Thus 

X ®H^(G) V = C ®G3. {X <E) V). 

The same assertion holds for the total derived functors because the bifunctor in lf2(Hl 
is exact and preserves projectives. Especially, we get 

SxiG) ^HAG) = C®G.. {S^{G)^S^iG)). 
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Here S^{G) S^{G) is equipped with the inner conjugation action of Gss- We 
identify ^^(G) ^^(G) = S^^^iG x G) as in LemmaEl By [13 Theorem 35.2], the 

embedding 7i^{G) S^{G) is isocohomological if and only if S^{G) 'S>-]-c^(^G) '^x(^) 
is a resolution of (G) . Thus the assertion that we have to prove is equivalent to 

C®G„5xxx(GxG)-5x(G). 

We already know C(8)q^^ S{Gss x Gss) — '5(Gss) because 5(Gss) is isocohomological 
f Theorem I22|l and this condition is equivalent to iS(Gss) being isocohomological. 

Now we choose a continuous section s: Gss G; this is possible because G is 
totally disconnected. It yields bornological isomorphisms 

*':5;,(G)^5(Gss), ^'fi9)--=fosig), 
VP: S^^^iG X G) ^ 5(Gss x Gss), ^f{9,h) f {s{g), s{g)-h{gh)) . 

The isomorphism vj/ intertwines the inner conjugation actions of Gss on S^xxi^ ^ '-^) 
and iS(Gss x Gss)- Thus we get isomorphisms 

(21) C 5xxx(G X G) - C '5(Gss X Gss) - 5(Gss) - 5x(G). 

It is easy to see that the composite isomorphism is induced by the convolution map 
in 5x(G). □ 

7. Applications to representation theory 

Let G be a reductive p-adic group, let G(G) be its centre, and let Gss ■— G/C{G). 
So far we have used very large projective H(G)-module resolutions, which offer 
great flexibility for writing down contracting homotopies. Now we consider much 
smaller projective resolutions, which are useful for explicit calculations. We write 
Mod(pj,)(G) if it makes no difference whether we work in Mod(G) or Mod^(G) for 
some character %: G(G) U(l). Similarly, we write Ti(^y^){G) and 5(^)(G). The 
actual applications of our main theorem are contained in Sections 17.11 17 71 and 17.81 
The other subsections contain small variations on known results. Our presentation 
differs somewhat from the accounts in 2ni2,')i| because we want to exhibit connec- 
tions with K-theory and assembly maps. 

7.1. Cohomological dimension. Let rkG = dim BT{G) be the rank of G. 

Theorem 29. The cohomological dimensions of the exact categories Mod(G) and 
Mod (5(G)) are (at most) rkG; that is, any object has a projective resolution of 
lengthikG. Similarly, the cohomological dimensions o/Mod^(G) and Mod^[S{G)) 
for a character x- C(G) — > U(l) are at most rkGss. 

Proof. The assertions are well-known for Mod(G) and Mod^(G). For the proof, 
equip BT = BT{G) with a CW-complex structure for which G acts by cellular maps. 
Then the cellular chain complex C,{BT) is a projective ?i(G)-module resolution 
of the trivial representation of length rkG. The chain complex C,{BT) ® V with 
the diagonal representation of G is a projective 7i(G)-module resolution of V for 
arbitrary V £ Mod(G). If F G Mod^(G), we use the building BT{Gss) instead; 
G, (ST(Gss)) is a projective resolution of V in Mod^(G). 

What is new is that we get the same assertions for Mod(5(G)) and Mod(5x(G)). 
Since the argument is the same in both cases, we only write it down for S{G). Let 
V G Mod (5(G)) and let P, ^ V he s, projective resolution in Mod(G) of length 
rkG. Then S{G) ®g Pm has the homotopy type of 

(22) S{G) (E)aV^ S{G) (E)sfG) V = V 
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because S{G) is isocohomological fTheorem I22|l : here we use one of the equiva- 
lent characterisations of isocohomological embeddings listed in Section 14.21 Equa- 
tion lf22|l means that S{G) P» is a resolution of V. This resolution is projective 
and has length rk G. □ 

Conversely, there is V e Mod(G) with ExtQ^{V,V) ^ 0. Hence the cohomo- 
logical dimension of Mod(G) is equal to ikG. We can even take V tempered and 
irreducible. Hence Ext^'^^^^ {V, V) ^ as well because S{G) is isocohomological. 
Thus Mod(iS(G)) also has cohomological dimension equal to rkG. Similarly, the 
cohomological dimension of Mod;^(G) and Mod;^(5(G)) is equal to rkGss- 

7.2. Finite projective resolutions. We use a result of Joseph Bernstein to attach 
an Euler characteristic Eul(y) in Kq (H(^) (G)) to a finitely generated representation 
yeMod(^)(G). 

Definition 30. A smooth representation V is called finitely generated if there exist 
finitely many elements wi , . . . , w„ such that the map 

n 

is a bornological quotient map. 

An admissible representation is finitely generated if and only if it has finite length, 
that is, it has a Jordan-Holder series of finite length. 

Since H{G)^ carries the fine homology, the same is true for its quotients. Hence a 
finitely generated representation necessarily belongs to Modaig(G). In the situation 
of Definition EDI there exists U G CO(G) fixing vj for all j G {1, . . . ,n}. Thus we 
get a bornological quotient map ?i(G/C/)" V. Conversely, 7i(G/J7)" is finitely 
generated and projective. Thus a smooth representation is finitely generated if and 
only if it is a quotient of H{G/U)" for some U G CO(G). If G Modx(G), then we 
may replace H{G/U)" by n^{G/UY for some U G CO(G) with x\unC(G) = 1- 

Definition 31. An object of Mod(^)(G) has type (FP) if it admits a resolution of 
finite length by finitely generated projective objects of Mod(p^) (G) . Such a resolution 
is called a finite projective resolution. 

Theorem 32 (Joseph Bernstein). An object of Mod(^)(G) has type (FP) if and 
only if it is finitely generated. 

Proof. It is trivial that representations of type (FP) are finitely generated. Con- 
versely, if V is finitely generated, then is a quotient of a finitely generated projec- 
tive representation, say, do ■ H(x)(G/C/)" ^V. By O Remark 3.12], subrepresenta- 
tions of finitely generated representations are again finitely generated. Especially, 
ker9o is finitely generated. By induction, we get a resolution (Pn,9„) of V by 
finitely generated projective objects. By Theorem|22l the kernel of dn- Pn ~^ Pn-i 
is projective for sufficiently large n. Hence 

^kerdn Pn ^ ■ ■ ■ ^ Po ^ V 

is a finite projective resolution. □ 

The algebraic K-theory Ko(7i(^)(G)) is the Grothendieck group of the monoid 
of finitely generated projective '^^(x) (G)-modules. This is so because H(^) (G) is a 
union of unital subalgebras. 

Definition 33. Let V G Mod(^)(G) be finitely generated. Then V is of type (FP) 
by Bernstein's Theorem Choose a finite projective resolution 

^ F„ ^ . . . ^ Po ^ ^ ^ 0. 
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The Euler characteristic of V is defined by 

n 

Eul(y) e Ko(H(x)(G)). 

We check that this does not depend on the resolution (see also Section 1.7]). 
Define the Euler characteristic Eul(P,) for finite projective complexes in the obvious 
fashion. Let P, and be two finite projective resolutions of V. The identity map 
on V lifts to a chain homotopy equivalence f : P, ^ P',. Hence the mapping cone C/ 
of / is contractible. The Euler characteristic vanishes for contractible complexes. 
Hence Eul(C/) = 0. This is equivalent to Eul(P.) = Eul(P^). 

Definition 34. Let 

HHo(7^(^)(G)) := (G)/[7^(^) (G), H(^) (G)]. 
The universal trace is a map 

truniv: Ko(7^(;,)(G)) ^ HHo(H(x)(G)). 
If {pij) e Af„(H(^)(G)) is an idempotent with 7i(^)(G)" • {pij) = V, then we have 

truniv["l^] = [}2Pii] ■ 

The above definitions are inspired by constructions of Hyman Bass in where 
truniv Eul(F) is constructed for modules of type (FP) over unital algebras. 

7.3. Traces from admissible representations. Let W £ Mod(^)(G) be an ad- 
missible representation. Its integrated form is an algebra homomorphism p from 
7i(^)(G) to the algebra Endfin(M^) := (g) of smooth finite rank operators on VF. 
Here W denotes the contragradient representation and Endfin(VF) carries the fine 
homology. Composing p with the standard trace on Endfin(W^), we get a trace 
tr^y : HHo(H(x)(G)) C and a functional 

Tw: Kn(W(;,)(G)) ^Z. 

The following computation of tw is a variant of [2| Proposition 4.2]. 

Proposition 35. Let V,W G Mod(^) (G), let V be finitely generated projective 
and let W be admissible. Then tw[V] = dimHomG(V, W^) and HomG(V,VF) is 
finite- dimensional. 

Proof. The functoriality of Kq for the homomorphism 7i(^)(G) Endfin(VF) maps 
[V] to the class of the finitely generated projective module 

V := Endfi„(T/F) 8)H(^,(g) V^W®{W®gV)^ i^dimW^cV 
over Endfin(Vl^). Thus Tvi/[y] — diniM^ (^g V- By adjoint associativity, 
Hom(T^ ®G V, C) ^ Home {V, Hom(#, C)) ^ Home {V, W) . 
We have W = W because W is admissible. Thus Tn/[y] = dim Home (V^, W). □ 

Let V,W £ Mod(^)(G), let W be admissible and let V be finitely generated. By 
Bernstein's Theorem|H2 there is a finite projective resolution P, ^ V in Mod(^) (G). 
By Proposition ESI Home (P, , W) is a chain complex of finite-dimensional vector 
spaces. Hence its homology Ext^^^^^gj (y, W) is finite-dimensional as well and 

oo 

^(-l)"dimHomG(P„,W^) 

oo 

= 5^(-l)"ny[P„] = Tw{EvliV)). 



oo 

(23) ^(-l)"dimExt^^^,(G)(F,Py) = 

n=0 
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We call this the Euler-Poincare characteristic E7'(x) W) of V and W (compare 
EOl page 135]). 

7.4. Formal dimensions. Evaluation at 1 G G is a trace on 7i(^)(G), that is, a 
linear functional ti : HHo(7i(^)(G)) C. The functional 

dim := Ti o tru„iv : Kq (G)) C 

computes the formal dimension for finitely generated projective Ti-ix) (G)-modules. 
Recall that an irreducible representation in Mod^(G) is projective if and only if it 
is supercuspidal. Unless C(G) is compact, Mod(G) has no irreducible projective 
objects. 

We can also define the formal dimension for representations that are square- 
integrable (see [22l)- Let {V,tt) S Modp(,(G) be irreducible and square-integrable 
(or, more precisely, square-integrable modulo the centre C{G)). Since irreducible 
representations are admissible, V carries the fine homology. Moreover, square- 
integrable representations are tempered. Thus the integrated form of tt extends 
to a bounded homomorphism tt: 5^(G) Endfin(T^). Since V is irreducible, this 
homomorphism is surjective. The crucial property of irreducible square-integrable 
representation is that there is an ideal / C ^^(G) such that / © kerTr = ^^(G). 
Thus 7r|/ : / Endfin(V^) is an algebra isomorphism. It is necessarily a bornological 
isomorphism because it is bounded and Endfin(V^) carries the fine homology. 

Proposition 36. Let V G Mod^(G) he irreducible and square-integrable. Then V 
is both projective and injective as an object of Mod (5(G)) . 

Proof. The direct-sum decomposition 5;^(G) = kerTr © Endfin(F) gives rise to an 
equivalence of exact categories 

Modx(5(G)) = Mod(ker7r) x Mod(Endfi„(F)). 

The representation V belongs to the second factor. The algebra Endfin(^^) is canon- 
ically Morita equivalent to C, so that Mod (Endfin(V^)) and Mod(C) are equivalent 
exact categories. The easiest way to get this Morita equivalence uses a basis in V 
to identify Endfin(V^) = U^i-^n(*^)- Since any extension in Mod(C) splits, any 
object of Mod(C) is both injective and projective. □ 

We can also define Kq (iS(^) (G)) , HHo(iS(-^)(G)), and 

tr,„iv: Ko(5(^)(G)) ^HHo(5(x)(G)). 

It is irrelevant for the following whether we divide by the linear or closed lin- 
ear span of the commutators in the definition of HHo(iS(^) (G)) . The trace ri 
extends to a bounded trace rf : HHo(5(^)(G)) C. This induces a functional 
dim"^: Ko(5(^)(G)) Z. An irreducible square-integrable representation V de- 
fines a class [V] e Ko(iS(^)(G)) by Proposition ESI we define its formal dimension 
by dim^V := diin^lV]. 

The embedding H{x){G) 5(^)(G) induces natural maps 

i : Ko (H(^) (G)) ^ Ko (G)) , [V] ^ {V) ©h^,, (g) V] , 

i : HHo (H(x) (G)) ^ HHo (G)) . [/] ^ [/] . 

These maps are compatible with the universal traces and satisfy rf o l = ti and 
dim"^ o L = dim. 

It is shown in that (G) is closed under holomorphic functional calculus 
in the G*-algebra C*^^ (x)^^)' Hence 

Ko(5(^)(G))-Ko(G,;,,(^)(G)). 
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It follows also that any finitely generated projective module V over S(^^) (G) is the 
range of a self-adjoint idempotent element in M„(5(^)(G)) for some n gN. Since 
the trace rf is positive, we get dim'^ V > unless V — 0. 

Yet another notion of formal dimension comes from the theory of von Neumann 
algebras. The (x-twisted) group von Neumann algebra of G is the closure N(-^){G) of 
7i(^)(G) or iS(^)(G) in the weak operator topology on L2{G)(^y We may extend rf 
to a positive unbounded trace on N(^^^{G). Any normal *-representation p of 
iV(^) (G) on a separable Hilbert space is isomorphic to the left regular representation 
on the Hilbert space (L2(G)(^) ^2(N)) ■ Pp for some projection Pp G N(^'f{G) (§) 
B{£2^) where (E) denotes spatial tensor products of Hilbert spaces and von Neumann 
algebras, respectively; the projection Pp is unique up to unitary equivalence. We 
define the formal dimension dim^(p) to be {pp) € [0, cxd]; this does not depend 
on the choice oipp. 

By definition, we have dim^(L2(G)"^^ -e) — dim'^[e] if e G M„(5(^)(G)) is a self- 
adjoint idempotent. Since S(^){G) is closed under holomorphic functional calculus 
in the reduced group G*-algebra C*^^ (x)^^)' idempotent element of 5(j^)(G) is 
similar to a self-adjoint idempotent. Hence dim^(L2(G)"^^ • e) = dim'^[e] holds for 
any idempotent e G Mn{S^^){G)) . We have 

i2(G)(x) ®5<,,(G) 5(x)(G)" • e - L2(G)f^) • e. 

Therefore, if ^ is a finitely generated projective left iS(^) (G)-module then we 
may view L2(G)(^) ®S(^-,{G) as a Hilbert space equipped with a faithful normal 
♦-representation of N^^-f{G); the resulting representation is uniquely determined 
up to unitary equivalence because any two self-adjoint idempotents realising V are 
unitarily equivalent in 5(^)(G). The formal dimensions from the Schwartz algebra 
and the von Neumann algebra are compatible in the following sense: 

dim^(L2(G)(^) ®5,,,(G) V) - dim^(t/). 

Thus dim V only depends on the unitary equivalence class of the associated unitary 
representation L2(G)(^) ^S(^^-,{G) ^ ■ 

7.5. Compactly induced representations. Equip U G CO(G) with the restric- 
tion of the Haar measure from G. The map : Ti-iU) ^(G) that extends 
functions by outside U is an algebra homomorphism. Hence it induces a map 

(zg), : Rep(C/) - Ko{n{U)) ^ Ko(H(G)), [V] ^ [H(G) ®niu) V]. 

This is the standard functoriality of K-theory. We denote it by {i^)] because this 

notation is used in ^2]. We call representations of the form {iij)]{V) compactly 

induced because H{G) ®u{u) V = c-Indg(F) (see [T5|l. 

Let [/, y G CO(G) and suppose that gU g"^ C V for some g G G. Then we have 
— o o i^ug-i ° 7c/, where 7g denotes conjugation by g. One checks that 7g 

acts trivially on Ko(H(G)). Hence (ig); is the composite of (iy)' and the map 

Rep(i7) ^ Kep{gUg~^) Rep(V^) that is associated to the group homomorphism 
U —>■ V , X 1-^ gxg~^ . Let Sub(G) be the category whose objects are the compact 
open subgroups of G and whose morphisms are these special group homomorphisms. 
We have exhibited that U ^ Rep(C/) is a module over this category. The various 
maps combine to a natural map 

lim Rep(L/) Ko(H(G)). 

Sub(G) 
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We call this map the assembly map for Ko(7^(G)) because it is a variant of the 
Farrell-Jones assembly map for discrete groups (see Conjecture 3.3]), which is 
in turn closely related to the Baum-Connes assembly map. 

The above definitions carry over to Hx{G) in a straightforward fashion. Let 
C0[G;C{G)) be the set of C(G)-compact open subgroups of G containing C{G). 
The projection to Gss identifies CO[G;C{G)) with CO(Gss)- As above, we get 
algebra homomorphisms i^: Hx{U) Hx{G) for U E CO(G;G{G)) . There is an 
analogue of the Peter- Weyl theorem for Hx{U); that is, Hx{U) is a direct sum of 
matrix algebras. Therefore, finitely generated projective modules over Ti^iU) are 
the same as finite-dimensional representations in MoA^iJJ). This justifies defining 
Rep^(?7) :— Kq (H^{U)) . As above, we can factor (1^)1 through (iy); if U is 
subconjugate to V. The relevant category organising these sub conjugations is the 
category Sub(G'; G{G)) whose set of objects is CO(G; G(G)) and whose morphisms 
are the group homomorphisms U —>■ V of the form x 1— > gxg~^ for some g G G. 
Thus we get an assembly map 

(24) lim Rep^(C/) ^Ko(Hx(G)). 

Sub(G;C(G)) 

Let r{Gss,dg) C R be the subgroup generated by vo\{U)~^ for U G CO(Gss)- 
Since vol(C/)/ vol(t^) £ N for V C U, this group is already generated by vol([/)~^ 
for maximal compact subgroups U C Ggs- We have T{Gss,dg) — aL for some 
a > because there are only finitely many maximal compact subgroups and 
vol(f/)/vol(F) G Q for all U.Y E CO(Gss). The number a depends on the 
choice of the Haar measure, of course. We let size(C/) := a vol(C//G(G)) , so that 
size([/)-i e N for all U G CO(G; G(G)) . 



Lemma 37. Let U G CO(G;G(G)), and let W G MoA^{U) he finite- 
Let cw-U -> C he the character of W . Then tru„iv(ig)! [Vt^] G mio{H^{G)) is 
represented by the function 



(25) cgw(g) 



Q;size(f7) ^cwig) forgEU, 
forgi U. 



Moreover, dim 

(iG),[^] ^ asize{U)-^dim{W). Thus dimx G aZ for all X in the 
range of the assembly map Ij24|l . 

A similar result holds for compactly induced projective objects of Mod(G). 

Proof. Since the universal trace is compatible with the functoriality of Kg and HHq , 
the first assertion follows iitruniv[W] = vo\{U/C{G))~^cw{g) in EHo{H^{U)). We 
briefly recall how this well-known identity is proved. We may assume that W is 
irreducible. Hence there is an idempotent pw G Hx{U) with W = l-L^{U)pw- 
Thus truniv[W^] — [pw]- We can compute cw{,g) for g G G as the trace of the finite 
rank operator / ^ ^{g)f * Pw on T-L^{U). This operator has the integral kernel 
{x,y) ^ pw{y^^g^^x), so that 



cw{g) = cw{g ^) = / Vw{x ^gx)dx. 

JU/C(G) 

This implies \cw] = ju /c(g)'\^^'^^ ~ yo\{U / C {G))\W] because conjugation does 
not change the class in HHq (Tijj- ([/)). We get the formula for formal dimensions 
because dimx = truniv(a;)(l) and civ(l) = dimVF. This lies in oL by construction 
of a. By additivity, we get dimx G aZ for all x in the range of the assembly 
map □ 
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7.6. Explicit finite projective resolutions. Let V € Mod^(G) be of finite 
length. Peter Schneider and Uhich Stuhler construct an expHcit finite projective res- 
olution for such V in jJO]. We only sketch the construction very briefiy. Let BT{Gss) 
be the affine Bruhat-Tits building of Gss- One defines a coefficient system 7e(^) on 
BT{Gss), which depends on an auxiliary parameter e G N (see [2T]I, Section II. 2]); 
its value on a facet F of BT{Gss) is the — finite-dimensional — space Fix{Up, V) for 
certain Up G CO(G). The cellular chain complex C,[BT{Gss),Je{V)) with values 
in 7e(^) is a resolution of V for sufficiently large e (^2i]i Theorem II. 3.1]). It is a 
finite projective resolution of V in Mod^(G) because the stabiHsers of facets belong 
to C0(G;G(G)) and the set of facets is Gss-finite. 

Proposition 38. If V G Mod^(G) has finite length, then Eul(l/) belongs to the 
range of the assembly map Hence dim{Evl{V)) e aZ. 

Define the Euler-Poincare function /^p e HxiG) of V as in JWA page 135]. 
Then [f^p] = truniv Eul(y) G HHo(7^x(G)). Thus dim(Eul(V^)) = /ep(1) and 
EP^{V,W) = trwifEp) for all admissible W G Mod^{G). 

See also [201 Proposition III.4.22] and [201 Proposition III.4.1]. 

Proof. The finite projective resolution G, (ST(Gss), 7e(^)) is explicitly built out 
of compactly induced representations. Hence Eul(y) belongs to the range of the 
assembly map. Lemma |23 yields dim(Eul(V")) G aZ and allows us to compute 
truniv Eul(F). Inspection shows that this is exactly [/^fp]. □ 

PropositionEHIyields dim V = dim Eul(T^) G aZ if V is irreducible supercuspidal. 
This rationality result is due to Marie- France Vigneras ({25]). 

7.7. Euler characteristics and formal dimensions for square-integrable 
representations. 

Theorem 39. Let V G Mod^(G) be irreducible and square-integrable. Let 

l: Ko(Hx(G)) ^Ko(5;,(G)) 

be induced by the embedding Ti^{G) S^{G). Then i(Eul(P^)) ~ [V]. Hence [V] 
lies in the range of the assembly map 

lim Rep^(;7) ^ Ko(7^x(G)) ^ Ko{S^{G)) 

Sub(G:C(G)) 

and /ep(1) = dim(Eul(F)) = dim^ (V). This number belongs to a • N>i with a as 
in LemmnXsli 

Proof. Choose e G N large enough such that G,{BT{Gss)ne{V)) is a projective 
7ix(G)-module resolution of V . Then 

oo 

LY.n\{V) = ^(-1)"[5^(G) ®nAG) G„(Z?T(G..), 7e(F))]. 

n=0 

Since S^{G) is isocohomological (Theorem |2Hl , S^{G) ®u^(^g) V = V. There- 
fore, Sy^{G) (i)-H^(G) Cm{BT{Gss),Je{V)) IS Still a projective 5^(G)-module resolu- 
tion of V. Since V is projective as well (Proposition EEl , this resolution splits 
by bounded 5p^(G)-module homomorphisms. This impHes [V] = lEuI{V). The 
remaining assertions now follow from Proposition EHI and dim'^(y) > 0. □ 

Theorem 40. Let U G CO(G; G(G)) and let W G Mod^{U) be finite-dimensional. 
Then there are at most dim(W^) • size(f7)~^ different irreducible square-integrable 
representations whose restriction to U contains the representation W . 
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Proof. Let Vi, . . . , Vn be pairwise non-isomorphic irreducible square- integrable rep- 
resentations whose restriction to U contains W . Let X := S^{G) ®u^{u) W. There 
are natural adjoint associativity isomorphisms 

{W, V,) - Hom5^(G) (X, V,-) 

for all j (see Thus we get non-zero maps X Vj. They are surjective 

and admit bounded linear sections because the representations Vj are irreducible 
and carry the fine bornology; since the representations Vj are projective (Proposi- 
tion they even admit G-equivariant bounded linear sections. Thus Vi, . . . , Vat 
are direct summands of X. Since they are not isomorphic, V, is a direct sum- 
mand oi X as well. Therefore, dini'^(V, ) < dim'^X. Lemma and The- 

orem 1221 yield dim*^ X — a dim(VF) size(J7)~^ and dim'^(Vj) > a for all j. Hence 
TV < dim(PF)size([/)-i. □ 

An irreducible square-integrable representation that is not supercuspidal is a 
subquotient of a representation that we get by Jacquet induction from a proper 
Levi subgroup. It is desirable in this situation to compute the formal dimension 
(and other invariants) of V from its cuspidal data. This gives rise to some rather 
intricate computations; these are carried out in P] for representations of G\ra(,D) 
for a division algebra D. 

7.8. Some vanishing results. 

Theorem 41. Let V,W E Mod^(G) he irreducible and tempered. If V or W is 
square-integrable, then ExtQ(y, W) = for all n > I and 



1 ifV^ W; 
otherwise. 



Proof. Since V and W are tempered and S^{G) is isocohomological, we have 

Ext^,(G)(^^:W^)=ExtS^(G)(^^:W-)- 

The latter vanishes for n > 1 by Proposition EEl For n = we are dealing with 
HomG(V, W), which is computed by Schur's Lemma. □ 

Theorem 42. If V is irreducible and tempered but not square-integrable, then 
/j^p(l) = dimEul(y) = 0. 

Proof. This follows from the abstract Plancherel Theorem and Theorem as 
in the proof of |2fll Corollary IIL4.7]. We merely outline the proof. The ab- 
stract Plancherel theorem applied to the type I G*-algebra C*^^^(G) yields that 
/ep(1) is the integral of its Fourier transform W ^ trvK(/Ep) with respect to 
some measure ^, which is called the Plancherel measure. Here W runs through 
the tempered irreducible representations in Mod^(G). Proposition EHI asserts that 
triy(/^p)=EPx(V,W^). 

We have Ext^^(c)(V, VF) = for all n e N and hence ¥.V^(y,W) = unless 
V and W have the same infinitesimal character. Since the infinitesimal character 
is finite-to-one, the support of the function W ^ EP^(F, W) is finite. Hence only 
atoms of the Plancherel measure ^ contribute to the integral 



/ep(i) = / ^v^{v,w)d^i{w). 



These atoms are exactly the square-integrable representations. Now Theorem HTl 
yields /ep(1) = unless V is square-integrable. In addition, this computation 
shows that /ep(1) — dim'^(V") if V is square-integrable (compare Theorem □ 
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